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Abstract
Holography inspired stringy hadrons (HISH) is a set of models that describe hadrons: mesons,
baryons and glueballs as strings in flat four dimensional space time. The models are based on
a “map” from stringy hadrons of holographic confining backgrounds. In this note we review the
“derivation” of the models. We start with a brief reminder of the passage from the AdS5×S5 string
theory to certain flavored confining holographic models. We then describe the string configurations
in holographic backgrounds that correspond to a Wilson line,a meson,a baryon and a glueball. The
key ingredients of the four dimensional picture of hadrons are the “string endpoint mass” and the
“baryonic string vertex”. We determine the classical trajectories of the HISH. We review the
current understanding of the quantization of the hadronic strings. We end with a summary of the
comparison of the outcome of the HISH models with the PDG data about mesons and baryons.
We extract the values of the tension, masses and intercepts from best fits, write down certain
predictions for higher excited hadrons and present attempts to identify glueballs.
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1 Introduction
The stringy description of hadrons has been thoroughly investigated since the sixties of the last
century[1]. In this paper I review the research work we have been doing in the last few years on a
renewed stringy description of hadrons. This naturally raises the question of what are the reasons to
go back to “square one” and revisit this question? Here are several reasons for doing it.
• (i) Up to date, certain properties, like the hadronic spectrum, the decay width of hadron and their
scattering cross section, are hard to derive from QCD and relatively easy from a stringy picture.
• (ii) Holography, or gauge/string duality, provides a bridge between the underlying theory of QCD
(in certain limits) and a bosonic string model of hadrons .
• (iii) To establish a framework that describes the three types of hadrons mesons, baryons and
glueballs in terms of the same building blocks, namely strings.
• (iv) The passage from the holographic string regime to strings in reality is still a tremendous
challenge.
• (v) Up to date we lack a full exact procedure of quantizing a rotating string with massive endpoints
(which will see are mandatory for the stringy hadrons).
• (vi) There is a wide range of heavy mesonic and baryonic resonances that have been discovered in
recent years. Thus the challenge is to develop a framework that can accommodate hadrons with
any quark content light, medium and heavy.
The holographic duality is an equivalence between certain bulk string theories and boundary field
theories. Practically most of the applications of holography are based on relating bulk fields (not strings)
and operators on the dual boundary field theory. This is based on the usual limit of α′ → 0 with which
we go, for instance, from a closed string theory to a theory of gravity. However, to describe realistic
hadrons it seems that we need strings since after all in nature the string tension which is inversely
proportional to α′ is not very large. In holography this relates to the fact that one needs to describe
nature λ = g2Nc is of order one and not very large one.
The main theme of this review paper is that there is a wide sector of hadronic physical observables
which cannot be faithfully described by bulk fields but rather require dual stringy phenomena. It is well
known that this is the case for a Wilson, a ’t Hooft and a Polyakov lines ( for a review see for instance
[2]). We argue here that in fact also the spectra, decays and other properties of hadrons: mesons,
baryons and glueballs can be recast only by holographic stringy hadrons and not by fields that reside
in the bulk or on flavor branes. The major argument against describing the hadron spectra in terms
of fluctuations of fields like bulk fields or modes on probe flavor branes is that they generically do not
admit properly the Regge behavior of the spectra. For M2 as a function of J we get from flavor branes
only J = 0 ,J = 1 mesons and there is a big gap of order λ ( or certain fractional power of λ depending
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on the model) in comparison to high J mesons described in terms of strings. Moreover the attempts to
get the observed linearity between M2 and n the excitation number is problematic, whereas for strings
it is an obvious property.
The main ideas of this project is (i) To analyze string configurations in holographic string models
that correspond to hadrons, (ii) to bypass the usual transition from the holographic regime of large Nc
and large λ to the real world via a 1
Nc
and 1
λ
expansion and state a model of stringy hadrons in flat four
dimensions that is inspired by the corresponding holographic strings. (iii) To confront the outcome of
the models with the experimental data in [3],[4] [5].
Confining holographic models are characterized by a “wall” that truncates in one way or another
the range of the radial direction (see figure 2). A common feature to all the holographic stringy hadrons
is that there is a segment of the string that stretches along a constant radial coordinate in the vicinity
of the “wall”. For the stringy glueball it is the whole folded closed string that rotates there and for the
open string it is part of the string, the horizontal segment, that connects with vertical segments either
to the boundary for a Wilson line or to flavor branes for the meson and for the baryon. This fact that
the classical solutions of the flatly rotating strings reside at fixed radial direction is behind the map
to rotating strings in flat four dimensional space-time. A key ingredient of the map is the msep, the “
string endpoint mass” that provides in the four flat space-time description the dual of the vertical string
segments. It is important to note (i) This mass parameter is neither the QCD mass parameter nor that
of the constituent quark mass. (ii) As will be seen below the msep parameter is not an exact map of
a vertical segment but rather only an approximation that is more accurate the longer the horizontal
string is.
As we have mentioned above the stringy picture of meson has been thoroughly investigated in the
past and we will not cite here this huge body of papers. It turns out that also in recent years there were
several attempts to describe hadrons in terms of strings. Papers on the subject that have certain overlap
with our approach are for instance [6],[7],[8],[9]. Another approach to the stringy nature of QCD is the
approach of low-energy effective theory on long strings. This approach is different but shares certain
features with the approach presented in this paper. A recent review of the subject can be found in [10].
The alternative description of hadrons in terms of fields in the bulk or on flavor branes is not
discussed in this paper. For a review paper about this approach and reference therein see [11] The paper
is organized in the following manner. After this section of an introduction there is a review section that
describes the passage from the AdS5 × S5 string background to that of various confining backgrounds.
We describe in some details the prototype model of Sakai and Sugimoto and its generalization. Section
(§3) is devoted to hadrons as strings in a holographic background. In this section we separately describe
in (§3.1) the holographic Wilson line, in (§3.2) the stringy duals of mesons and in (§3.3) the glueball as
a rotating folded closed string. We then describe in section (§4) the HISH model. We present the map
between the holographic strings and strings in flat space-time in (§4.1). We classically solve the system
of an open string with massive endpoints and we determine its energy and angular momentum (§4.2).
We then in (§4.3) discuss the stringy baryon of HISH and in particular the stability of Y shape string
configurations. Next in section (§3.1) we present our current understanding of the quantization of the
HISH model. In §(5.1) we review the attempt to quantize the closed string in holographic background.
We then describe the derivation of the Casimir energy for a static case with massive endpoints in
(§5.2). The Liouville or Polchinski-Strominger terms for quantizing the string in non-critical dimension
is discussed in (§5.3). Phenomenology: Comparison between the stringy models and experimental data
is reviewed in section (§6). We first describe the fitting models (§6.1) and procedure and then present
separately the meson trajectory fits (§6.2)and the baryon trajectory fits(§6.3) and finally we describe
the search of glueballs (§6.4). We summarize and describe several future directions in (§7)
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2 From AdS5 × S5 to confining string backgrounds
The original duality equivalence is between the N = 4 SYM theory and string theory in AdS5 × S5.
Obviously the N = 4 is not the right framework to describe hadrons that should resemble those
found in nature. Instead we need stringy dual of four dimensional gauge dynamical system which is
non-supersymmetric, non-conformal and confining. The main two requirements on the desired string
background is that it (i) admits confinement and (ii) that it includes matter in the fundamental repre-
sentation invariant under chiral flavor symmetry and that the latter is spontaneously broken.
2.1 Confining background
There are by now several ways to get a string background which is dual to a confining boundary field
theory.
• Models based on deforming the AdS5 × S5 by a relevant or marginal operator which breaks
conformal invariance and supersymmetry. This approach was pioneered in [12]. There were
afterwards many followup papers. For a list of references of them see for instance in the review
paper [13].
• An important class of models is achieved by compactifing higher dimensional theories to four
dimensions in a way which (partially) breaks supersymmetry. A prototype model of this approach
is that of a compactified D5 or NS5 brane on S2 . In an appropriate decoupling limit this provides
a dual of the 3 + 1 dimensional N = 1 SYM theory[14]. Another model of this class is the so
called Witten’s model [15] which is based on the compactification of one space coordinate of a
D4 brane on a circle. The sub-manifold spanned by the compactified coordinate and the radial
coordinate has geometry of a cigar. Imposing on the circle anti-periodic boundary conditions for
the fermions, in particular the gauginos, render them massive and hence supersymmetry is broken.
In the limit of small compactified radius one finds that the dual field theory is a contaminated
low energy effective YM theory in four dimensions. This approach will be described in (§2.3)
• It was realized early in the game that one can replace the S5 part of the string background with
orbifolds of it or by the T11 conifold. In this way conformal invariance is maintained, however,
parts of the supersymmetry can be broken. In particular the dual of the conifold model has N = 1
instead of N = 4. It was shown in [16] that one can move from the conformal theory to a confining
one by deforming the conifold. The corresponding gauge theory is a cascading gauge theory.
• In analogy to Dp brane background solutions of the ten dimensional equations of motion [17] one
can find solutions for the metric dilaton and RR forms in non-critical d < 10 dimensions. In
particular there is a six dimensional model of D4 branes compactified on a S1 [18]. This model
resembles Witten’s model with the difference that the dual field theory is in the large Nc limit
but with ’t Hooft coupling λ ∼ 1.
• The AdS/QCD is a bottom-up approach, namely it not a solution of the ten dimensional equations
of motion, based on an AdS5 gravity background with additional fields residing on it. The idea
is to determine the background in such a way that the corresponding dual boundary field theory
has properties that resemble those of QCD. The basic model of this kind is the “hard wall” model
where the five-dimensional AdS5 space is truncated at a certain value of the radial direction
u = uΛ. The conformal invariance of the AdS5 space corresponds to the asymptotic free UV
region of the gauge theory. Confinement is achieved by the IR hard wall as will be seen (§3.1).
This construction was first introduced in [19]. Since this model does not admit a Regge behaviour
for the corresponding meson spectra there was a proposal [20] to improve the model by “softening”
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the hard wall into a soft-wall model. It was argued that in this way one finds an excited spectrum
of the form M2n ∼ n but, as will be discussed below also, this model does not describe faithfully
the spectra of mesons.
• Another AdS/QCD model is the improved holographic QCD model (IHQCD)[21] which is essen-
tially a five-dimensional dilaton-gravity system with a non-trivial dilaton potential. By tuning
the latter, it was shown that one can build a model that admits certain properties in accordance
with lattice gauge theory results both at zero and finite temperature.
2.2 Introducing fundamental quarks
Since the early days of string theory it has been understood that fundamental quarks should correspond
to open strings. In the modern era of closed string backgrounds this obviously calls for D branes. It is
thus natural to wonder, whether one can consistently add D brane probes to supergravity backgrounds
duals of confining gauge theories, which will play the role of fundamental quarks. In case that the
number of D brane probes Nf << Nc one can convincingly argue that the back reaction of the probe
branes on the bulk geometry is negligible. It was also well known that open strings between parallel
Nf D7 branes and Nc D3 branes play the role of flavored quarks in the SU(Nc) gauge theory that
resides on the D3 4d world volume. Karch and Katz [22] proposed to elevate this brane configuration
into a supergravity background by introducing D7 probe branes into the AdS5 × S5 background. Note
that these types of setups are non-confining ones. This idea was further explored in [23] and in many
other followup works. For a list of them see the review [11]. There have been certain attempts to go
beyond the flavor probe approximation for instance [24]. The first attempt to incorporate flavor branes
in a confining background was in [25] where D7 and anti-D7 branes were introduced to the Klebanov-
Strassler model [16]. This project was later completed in [26]. An easier model of incorporating D8 and
anti D8 branes will be discussed in the next subsection. Flavor was also introduced in the bottom-up
models confining models. For instance the Veneziano limit of large Nf in addition to the large Nc was
studied in [27].
2.3 Review of the Witten-Sakai-Sugimoto model
Rather than describing a general confining background, or the whole list of such models, we have chosen
a prototype model, the Sakai Sugimoto model, which will be described in details in the next subsection.
Witten’s model [15] describes the near-horizon limit of a configuration of large Nc number of D4-
branes, compactified on a circle in the x4 direction ( see figure 1) with anti-periodic boundary conditions
for the fermions[15].
This breaks supersymmetry and renders only the gauge field to remain massless whereas the gauginos
and scalars become massive. To incorporate flavor this model is then elevated to the so called Sakai
Sugimoto model [28] to which a stack of Nf D8-branes (located at x4 = 0) and a stack of Nf anti-D8-
branes (located at the asymptotic location x4 = Las) is added. This is dual to a 4 + 1 dimensional
maximally supersymmetric SU(Nc) Yang-Mills theory (with coupling constant g5 and with a specific
UV completion that will not be important for us), compactified on a circle of radius R with anti-
periodic boundary conditions for the fermions, with Nf left-handed quarks located at x4 = 0 and Nf
right-handed quarks located at x4 = L (obviously we can assume Las ≤ piR).
In the limit Nf  Nc, this background can be described by Nf probe D8-branes inserted into the
near-horizon limit of a set of Nc D4-branes compactified on a circle with anti-periodic boundary condi-
tions for the fermions. This background is simply related to the (near-horizon limit of the) background
of near-extremal D4-branes by exchanging the roles (and signatures) of the time direction and of one
6
TheThe WSS geometry
Figure 1: The WSS geometry. The compact direction of the D4 brane denoted in the figure as θ is
referred to as x4 in the text.
of the spatial directions. Let us now briefly review this model, emphasizing the manifestations of con-
finement and chiral symmetry breaking. The background of type IIA string theory is characterized by
the metric, the RR four-form and a dilaton given by
ds2 =
(
u
RD4
)3/2 [−dt2 + δijdxidxj + f(u)dx24]+ (RD4u
)3/2 [
du2
f(u)
+ u2dΩ24
]
,
F(4) =
2piNc
V4
4, e
φ = gs
(
u
RD4
)3/4
, R3D4 ≡ pigsNcl3s , f(u) ≡ 1−
(uΛ
u
)3
, (1)
where t is the time direction and xi (i = 1, 2, 3) are the uncompactified world-volume coordinates of
the D4 branes, x4 is a compactified direction of the D4-brane world-volume which is transverse to the
probe D8 branes, the volume of the unit four-sphere Ω4 is denoted by V4 and the corresponding volume
form by 4, ls is the string length and finally gs is a parameter related to the string coupling. The
submanifold of the background spanned by x4 and u has the topology of a cigar (as in both sides of
figure 2 below) where the minimum value of u at the tip of the cigar is uΛ. The tip of the cigar is
non-singular if and only if the periodicity of x4 is
δx4 =
4pi
3
(
R3D4
uΛ
)1/2
= 2piR (2)
and we identify this with the periodicity of the circle that the 4 + 1-dimensional gauge theory lives on.
The parameters of this gauge theory, the five-dimensional gauge coupling g5, the low-energy four-
dimensional gauge coupling g4, the glueball mass scale Mgb, and the string tension Tst are determined
from the background (1) in the following form :
g25 = (2pi)
2gsls, g
2
4 =
g25
2piR
= 3
√
pi
(
gsuΛ
Ncls
)1/2
, Mgb =
1
R
,
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Tst =
1
2pil2s
√
gttgxx|u=uΛ =
1
2pil2s
(
uΛ
RD4
)3/2
=
2
27pi
g24Nc
R2
=
λ5
27pi2R3
, (3)
where λ5 ≡ g25Nc, Mgb is the typical scale of the glueball masses computed from the spectrum of
excitations around (1), and Tst is the confining string tension in this model (given by the tension of a
fundamental string stretched at u = uΛ where its energy is minimized). The gravity approximation is
valid whenever λ5  R, otherwise the curvature at u ∼ uΛ becomes large. Note that as usual in gravity
approximations of confining gauge theories, the string tension is much larger than the glueball mass
scale in this limit. At very large values of u the dilaton becomes large, but this happens at values which
are of order N
4/3
c (in the large Nc limit with fixed λ5), so this will play no role in the large Nc limit that
we will be interested in. The Wilson line of this gauge theory (before putting in the D8-branes) admits
an area law behavior [29], which means a confining behavior, as can be easily seen using the conditions
for confinement of [30].
Naively, at energies lower than the Kaluza-Klein scale 1/R the dual gauge theory is effectively
four dimensional; however, it turns out that the theory confines and develops a mass gap of order
Mgb = 1/R, so (in the regime where the gravity approximation is valid) there is no real separation
between the confined four-dimensional fields and the higher Kaluza-Klein modes on the circle. As
discussed in [15], in the opposite limit of λ5  R, the theory approaches the 3 + 1 dimensional pure
Yang-Mills theory at energies small compared to 1/R, since in this limit the scale of the mass gap is
exponentially small compared to 1/R. It is believed that there is no phase transition when varying
λ5/R between the gravity regime and the pure Yang-Mills regime, but it is not clear how to check this.
Next, we introduce the probe 8-branes which span the coordinates t, xi,Ω4, and follow some curve
u(x4) in the (x4, u)-plane. Near the boundary at u → ∞ we want to have Nf D8-branes localized at
x4 = 0 and Nf anti-D8-branes (or D8-branes with an opposite orientation) localized at x4 = Las. Naively
one might think that the D8-branes and anti-D8-branes would go into the interior of the space and stay
disconnected; however, these 8-branes do not have anywhere to end in the background (1), so the form
of u(x4) must be such that the D8-branes smoothly connect to the anti-D8-branes (namely, u must go to
infinity at x4 = 0 and at x4 = Las, and du/dx4 must vanish at some minimal u coordinate u = u0). Such
a configuration spontaneously breaks the chiral symmetry from the symmetry group which is visible at
large u, U(Nf )L × U(Nf )R, to the diagonal U(Nf ) symmetry. Thus, in this configuration the topology
forces a breaking of the chiral symmetry; this is not too surprising since chiral symmetry breaking at
large Nc follows from rather simple considerations. The most important feature of this solution is the
fact that the D8 branes smoothly connect to the anti D8 branes.
In order to find the 8-brane configuration, we need the induced metric on the D8-branes, which is
ds2D8 =
(
u
RD4
)3/2 [−dt2 + δijdxidxj]+ ( u
RD4
)3/2 [
f(u) +
(
RD4
u
)3
u′2
f(u)
]
dx24
+
(
RD4
u
)3/2
u2dΩ24 (4)
where u′ = du/dx4. It is easy to check that the Chern-Simons (CS) term in the D8-brane action does
not affect the solution of the equations of motion. More precisely, the equation of motion of the gauge
field has a classical solution of a vanishing gauge field, since the CS term includes terms of the form
C5∧F∧F and C3∧F∧F∧F . So, we are left only with the Dirac-Born-Infeld (DBI) action. Substituting
the determinant of the induced metric and the dilaton into the DBI action, we obtain (ignoring the
factor of Nf which multiplies all the D8-brane actions that we will write) :
SDBI = T8
∫
dtd3xdx4d
4Ωe−φ
√
− det(gˆ) = Tˆ8
gs
∫
dx4u
4
√
f(u) +
(
RD4
u
)3
u′2
f(u)
, (5)
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Figure 2: The dominant configurations of the D8 and anti-D8 probe branes in the Sakai-Sugimoto
model at zero temperature, which break the chiral symmetry. The same configurations will turn out to
be relevant also at low temperatures. On the left a generic configuration with an asymptotic separation
of Las, that stretches down to a minimum at u = u0, is drawn. The figure on the right describes the
limiting antipodal case Las = piR, where the branes connect at u0 = uΛ.
where gˆ is the induced metric (4) and Tˆ8 includes the outcome of the integration over all the coordinates
apart from dx4. From this action it is straightforward to determine the profile of the D8 probe branes.
The form of this profile which is drawn in figure 2(a) is given by
Las =
∫
dx4 = 2
∫ ∞
u0
du
u′
= 2R
3/2
D4
∫ ∞
u0
du
1
f(u)u3/2
√
f(u)u8
f(u0)u80
− 1
=
2
3
(
R3D4
u0
)1/2√
1− y3Λ
∫ 1
0
dz
z1/2
(1− y3Λz)
√
1− y3Λz − (1− y3Λ)z8/3
, (6)
where yΛ ≡ uΛ/u0. Small values of Las correspond to large values of u0. In this limit we have yΛ  1
leading to L ∝√R3D4/u0. For general values of Las the dependence of u0 on L is more complicated.
There is a simple special case of the above solutions, which occurs when Las = piR, namely the D8-
branes and anti-D8-branes lie at antipodal points of the circle. In this case the solution for the branes is
simply x4(u) = 0 and x4(u) = Las = piR, with the two branches meeting smoothly at the minimal value
u = u0 = uΛ to join the D8-branes and the anti-D8-branes together (see figure 1). This is the solution
advocated in [28]. The generalized, not necessarily antipodal configuration that was described above
was introduced in [31]. As will be discussed in section §(4, 2) the difference between the antipodal and
the non-antipodal will translate to the difference between stringy meson with massless versus massive
endpoints. It was also found out in [32] that, in order to have attraction between flavor instantons that
mimic the baryons, the setup has to be non-antipodal. In the approach of considering the duals of the
mesons as fluctuation modes of the flavor branes[28], and not as we argue here in this review as string
configuration, it turned out that the difference between u0 and uΛ is not the dual of the QCD quark
masses. One manifestation of this is the fact that the Goldstone bosons associated with the breakdown
of the chiral flavor symmetry remain massless even for the non-antipodal case. This led to certain
generalizations of the Sakai Sugimoto model by introducing additional adjoint “tachyonic”’ field into
the bulk [33],[34], [35] and by introducing an open Wilson line[36]. In view of the HISH these type of
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generalization are obviously not necessary.
This type of antipodal solution is drawn in figure 2(b).
It was shown in [37] that the classical configurations both the antipodal and the non-antipodal are
stable. This was done by a perturbative analysis (in gsNf ) of the backreaction of the localized D8
branes. The explicit expressions of the backreacted metric, dilaton and RR form were written down
and it was found that the backreaction remains small up to a radial value of u << lsNf ), and that the
background functions are smooth except at the D8 sources. In this perturbative window, the original
embedding remains a solution to the equations of motion. Furthermore, the fluctuations around the
original embedding, do not become tachyonic due to the backreaction in the perturbative regime. This
is is due to a cancellation between the DBI and CS parts of the D8 brane action in the perturbed
background. For further discussion of the pros and cons of the Sakai-Sugimoto model see [31].
The main results reviewed in this subsection hold also to an analogous non-critical setup [18] based
on inserting D4 flavor branes into the background of compactified colored D4 branes and in particular
the structure of the spontaneous breaking of the flavor chiral symmetry.
3 Hadrons as strings in holographic background
In this section we will analyze various classical string configurations in confining holographic models.
In fact we will define below what is a confining string background according to the behavior of the
classical static string that attaches its boundary. We will treat four types of strings:
(i) The string dual of a Wilson line.
(ii) A rotating open string that is attached to flavor branes. This will be the dual of a meson.
(iii) A rotating configuration of Nc strings attached to a “baryonic vertex”, the dual of the baryon.
(iv) A rotating folded closed string, the dual of the glueball.
3.1 The holographic Wilson line
One of the most important characteristics of non-abelian gauge theories, in particular the ones associated
with the group SU(Nc), is the Wilson line which is a non-local gauge invariant expectation value that
takes the form
〈W (C)〉 = 1
Nc
Tr
[
P e
∮
C A
]
=
1
Nc
Tr
[
P e
∮
C Aµx˙
µ(τ)dτ
]
(7)
where P denotes path ordering and C is some given contour.
For the special case where C is a strip of length L along one space direction and ∆t along the
time direction, one can extract from the corresponding Wilson line, in Euclidean space-time and for
∆t >> L→∞, the potential E(L) between a quark and an anti-quark as follows
〈W (strip, L,∆t)〉 = A(L)e−∆tE(L) (8)
The holographic dual of the expectation value of the Wilson line which was determined in [38] is given
by
〈W (C)〉 = e−SrenNG (9)
where SrenNG is the renormalized Nambu-Goto action of a string worldsheet whose boundary on the
boundary of the bulk space-time is C. There are several methods of renormalizing the result. In
particular in the one we discuss below one subtracts the infinite action of the straight strings which are
duals of the masses of quark anti-quark pair.
Next we would like to apply the holographic prescription of computing the Wilson line to a particular
class of holographic models. The latter are characterized by higher than five dimensional space-time with
a boundary. The coordinates of these space-times include the coordinates of the boundary space-time,
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Figure 3: The geometry of the Wilson line. On the right the strip Wilson loop in real space-time that
corresponds to a quark anti-quark potential and on the left the holographic description of a Wilson loop
of a general contour C
a radial coordinate and additional coordinates transverse to the boundary and to the radial direction.
We assume that the corresponding metric depends only on the radial coordinate such that its general
form is
ds2 = −gtt (u) dt2 + guu (u) du2 + gx||x|| (u) dx2|| + gxT xT (u) dx2T (10)
where t is the time direction, u is the radial coordinate, x|| are the space coordinates on the boundary
and xT are the transverse coordinates. We adopt the notation in which the radial coordinate is positive
defined and the boundary is located at u =∞. In addition, a “horizon” may exist at u = uΛ, such that
spacetime is defined in the region uΛ < u < ∞, instead of 0 < u < ∞ as in the case where no horizon
is present.
The construction we examine is that of the strip discussed above. This takes the form of an open
string living in the bulk of the space with both its ends tied to the boundary. From the viewpoint of
the field theory living on the boundary the endpoints of the string are the qq¯ pair, so the energy of the
string is related to the energy of the pair. In order to calculate the energy of this configuration on the
classical level we use the notations and results of [30]. First, we define
f 2 (u) ≡ gtt (u) gx||x|| (u)
g2 (u) ≡ gtt (u) guu (u)
(11)
Upon choosing the worldsheet coordinates σ = x (x is a coordinate on the boundary pointing in the
direction from one endpoint of the string to the other one) and τ = t. This is obviously the most natural
gauge choice for the case of the strip Wilson line. If in addition we assume translation invariance along
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t, the Nambu-Goto action describing the string takes the form
SNG = T
∫
dσdτ
√
det [∂αXµ∂βXνgµν ]
= T
∫
dxdt
√
f 2 (u (x)) + g2 (u (x)) (∂xu)
2
= T (∆t)
∫
dxL
(12)
where we assumes a static configuration, ∆t is the length of the strip along the time direction and T is
the string tension which from here on we set to be one. Later we will bring it back again. Letting the
derivative with respect to x, ∂x, playing the role of the time derivative in standard canonical procedure,
then the conjugate momentum and the Hamiltonian are
p =
δL
δu′
=
g2 (u)u′√
f 2 (u) + g2 (u)u′2
(13)
H = p · u′ − L = −f
2 (u)
L (14)
As the Hamiltonian does not depend explicitly on x, its value is a constant of motion. We shall deal
with the case in which u (x) is an even function, and therefore there is a minimal value u0 = u (0) for
which u′ (0) = 0. At that point we see from (13) that p = 0. The constant of motion is therefore
H = −f (u0) (15)
from which we can extract the differential equation of the geodesic line
du
dx
= ±f (u)
g (u)
√
f 2 (u)− f 2 (u0)
f (u0)
(16)
and re-express the on-shell Lagrangian (i.e. the Lagrangian on the equation of motion) as a function of
f (u) only
L = f
2 (u)
f (u0)
(17)
Then the distance between the string’s endpoints (or the distance between the “quarks”) is
` (u0) =
∫
dx =
∫
du
(
du
dx
)−1
= 2
1
f (u0)
∫ ub
u0
du
f 2 (u0)
f 2 (u)
g (u)√
1−
(
f(u0)
f(u)
)2 (18)
where u0 is the minimal value in the radial direction to which the string reaches and ub is the value of
u on the boundary. The bare energy of the string is given by
Ebare (u0) =
∫
dxL =
∫
du
(
du
dx
)−1
L = 2
∫ ub
u0
du
g (u)√
1−
(
f(u0)
f(u)
)2
= f (u0) · ` (u0) + 2
∫ ub
u0
du g (u)
√
1− f
2 (u0)
f 2 (u)
(19)
Generically, the bare energy diverges and hence a renormalization procedure is needed. There are
several renormalization schemes to deal with this infinity. These were summarized in [39]. Here we
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follow [30] and use the mass subtraction scheme in which the bare masses of the quarks are subtracted
from the bare energy. The bare external quark mass is viewed as a straight string with a constant value
of x, stretching from u = 0 (or u = uΛ if there exists an horizon at uΛ) to u = ub, such that it is given
by1
mq,ext =
∫ ub
uΛ
du g (u) (20)
Then the renormalized energy would be given by
E (u0) = f (u0) · ` (u0)− 2K (u0) (21)
where K (u0) is
K (u0) =
∫ ub
u0
du g (u)
(
1−
√
1− f
2 (u0)
f 2 (u)
)
+
∫ u0
uΛ
du g (u) (22)
It is important to emphasize that this result for the energy is only at the classical level and does not
include quantum corrections.
In order to reproduce the QCD heavy quarks potential we first have to demand the holographic
models to reproduce the asymptotic forms of the potential. This leads to several restrictions on the
forms of the f and g functions. The condition for confining behavior at large distances was derived in
[30]:
1. f has a minimum at umin and f (umin) 6= 0 or
2. g diverges at udiv and f (udiv) 6= 0
Then the string tension is given by f (umin) or f (udiv), correspondingly. The second asymptotic is
perturbative QCD at small distances. The conditions on the background to reproduce the leading
perturbative behavior of QCD, which is Coulomb-like, were derived in [39] .
The physical picture arising from this construction is as follows. The confining limit is approached
as u0 → uΛ, then most of the string lies at the vicinity of uΛ which implies in the dual field theory a
string-like interaction between the “quarks” with a string tension Ts (upon bringing back T that was
set above to one)
Ts = Tf (uΛ) (23)
and a linear potential
E = Ts · `− 2κ (24)
where κ = K (uΛ) is a finite constant. On the other hand, the Coulomb-like limit is approached as
u0/uΛ →∞, then the whole string is far away from uΛ and is ruled by the geometry near the boundary.
The conditions for such a behavior were analyzed in [39].
3.1.1 ’t Hooft line
In addition to the Wilson line one discusses also the Polyakov line and the ’t Hooft line. The former
is a Wilson line for which the contour C is the Euclidean time direction compactified on a circle.
Correspondingly the holographic string realization of the Polyakov loop is a string whose worldsheet
wraps the compactified time direction. We will not discuss it here. In YM theories the “electric-
magnetic” dual of the Wilson line is the ’t Hooft line. Just as one extracts the quark anti-quark
potential from the former with the strip contour, the later determines for the same contour the monopole
anti-monopole potential.
1 We refer here to the dual of string that stretches to the boundary as an external quark to distinguish it from a
dynamical quark whose dual is a string that ends on a flavor brane as will be explained in the next section
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Figure 4: The physical picture arising from the present construction. Left: The confining limit is
approached as the string is close to the horizon, then most of the string lies on the horizon and implies
a string-like interaction between the quarks (the endpoints of the string). Right: The conformal limit
is reconstructed when the string is far away from the horizon such that it is ruled by the geometry near
the boundary.
We would like to address now the question of how to construct a string configuration which associates
with the ’t Hooft line. The answer for that question is that it should be a configuration of a D1 brane
starting and ending on the boundary. The prototype confining background described in (§2.3) is that of
a compactified D4 branes. This is a type II-A theory where the allowed D branes are only of the form
D2k and hence (at least in the supersymmetric case) one cannot embed a D1 brane. Instead we will
take the stringy realization of the ’t Hooft line as a D2-brane ending on the D4-brane. The D2-brane is
wrapped along the compact space direction x4 so from the point of view of the four dimensional theory
it is a point like object. The DBI action of a D2-brane is
S =
1
(2piα′)3/2
∫
dτdσ1dσ2e
−φ√det h, (25)
where h is the world-volume induced metric and φ is the dilaton. For the D2-brane we consider, which
is infinite along one direction ( we denote its length by Y and winds the x4 direction), we get
S =
Y
g2YM
∫
dx
√
∂xU2 +
u3 − u3Λ
R34
, (26)
Note the 1/g2YM factor which is expected for a monopole. The distance between the monopole and the
anti-monopole is
L = 2
R
3/2
4
u
1/2
0
√

∫ ∞
1
dy√
(y3 − 1)(y3 − 1 + ) . (27)
where  = 1 − (UΛ/U0)3. The energy (after subtracting the energy corresponding to a free monopole
and anti-monopole) is
E =
2u0
(2pi)3/2g2YM
[∫ ∞
1
dy
(√
y3 − 1 + √
y3 − 1
)
− 1
]
+
2(uΛ − u0)
(2pi)3/2
. (28)
For LΛ 1 it is energetically favorable for the system to be in a configuration of two parallel D2-branes
ending on the horizon and wrapping x0. So in the ”YM region” we find screening of the magnetic charge
which is another indication to confinement of the electric charge. For further details on the holographic
determination of the ’t Hooft line see for instance [2].
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3.2 The stringy duals of mesons
Next we want to identify among the strings that can reside in a holographic backgrounds those that
correspond to mesons. Naturally a meson associates with an open string and the quark and anti-quark
that it is built from with the string endpoints. As we have seen in the previous section, endpoints
on the boundary of the holographic bulk correspond to infinitely heavy external quarks. Holographic
backgrounds are associated with type II closed string theories. In such backgrounds open strings can
start and end only on D-branes (or the boundary). Thus “dynamical quarks” should be related to
string endpoints which are not on the boundary but rather they attach to D-branes. As was discussed
in section §(2.2) flavored confining backgrounds include stacks of Nf D branes which are referred to
as “flavor branes”. We consider only the case of Nf << Nc, where Nc is the number of branes that
constitute in the near horizon limit the holographic background. Since the endpoints can freely move,
then classically the strings do not shrink to zero size only if they rotate and the “centrifugal force” is
balancing the string tension. Thus, to describe the stringy meson we will now discuss (i) The conditions
on strings rotating at constant radial coordinate. (ii) Rotating strings attached to flavor branes.
3.2.1 The conditions on strings rotating at constant radial coordinate
Consider the background metric of (10). Setting aside the transverse coordinates, the metric reads
ds2 = −g00(u)dt2 + gii(u)(dxi)2 + guudu2 + ... (29)
where here we denote the metric along the space direction as gii, instead of g|| as it was denoted in (10).
The metric as well as any other fields of the background depend only on the radial direction u. Since
we have in mind addressing spinning strings, it is convenient to describe the space part of the metric as
dx2i = dR
2 +R2dθ2 + dx23, (30)
where x3 is the direction perpendicular to the plane of rotation. The classical equations of motion of a
bosonic string defined on this background can be formulated on equal footing in the NG formulation or
the Polyakov action. Let us use now the latter. The equations of motion associated with the variation
of t, θ, R and u respectively are
∂α(g00∂
αt) = 0
∂α(giiR
2∂αθ) = 0
∂α(gii∂
αR)− giiR∂αθ∂αθ = 0
2∂α(guu∂
αu) +
dg00
du
∂αt∂
αt− dgii
du
∂αx
i∂αxi − dguu
du
∂αu∂
αu = 0,
(31)
where α denotes the worldsheet coordinates τ and σ. In addition in the Polyakov formulation one has
to add the Virasoro constraint
− g00(∂±t)2 + gii(∂±xi)2 + guu(∂±u)2 + ... = 0, (32)
where ∂± = ∂τ ± ∂σ, and ... stands for the contribution to the Virasoro constraint of the rest of the
background metric.
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Next we would like to find solutions of the equations of motion which describe strings spinning in
space-time. For that purpose we take the following ansatz
t = τ θ = ωτ R(σ, τ) = R(σ) u = uˆ = constant. (33)
It is obvious that this ansatz solves the first two equations. The third equation together with the Virasoro
constraint is solved (for the case that g00 = gii) by R = Acos(ωσ) + Bsin(ωσ) with ω
2(A2 + B2) = 1.
The boundary conditions we want to impose will select the particular combination of A and B. Let us
now investigate the equation of motion associated with u and for the particular ansatz u = uˆ. This can
be a solution only provided
dg00
du
|u=uˆ = 0 dgii
du
|u=uˆ = 0. (34)
This is just the first condition for having a confining background. The condition g00gii(uˆ) > 0 insures
that the Virasoro constraint is obeyed in a nontrivial manner.
We would like to check the condition in the class of confining models that was discussed in §(2.3)
namely those of compactified D branes and in particular the model of the near extremal D4 brane,
compactified on an S1. Denoting the direction along the S1 denoted by ψ, the corresponding component
of the metric is related to that of the u direction as gψψ = [guu]
−1. Thus the condition for having a
solution of the equation of motion with u = uˆ includes the condition
dgψψ
du
|u=uˆ = −
dguu
du
g2uu
|u=uˆ = 0. (35)
This condition is obeyed if at u = uˆ guu(uˆ) → ∞, which is the second condition for a confining
background with uˆ = uΛ, and with the the demand of non-vanishing g00gii(uˆ) > 0 to have a non-trivial
Virasoro constraint.
To summarize, we have just realized that there is a close relation between the conditions of having
area law Wilson loop and of having a spinning string configuration at a constant radial coordinate.
3.2.2 The meson as a rotating string attached to flavor branes
We have seen above the conditions for having a rotating string at constant u. We would like to examine
whether rotating strings with endpoints attached to flavor branes can obey these conditions. For the
Wilson line in a “confining background” we found a string configuration that stretches vertically from
the boundary down to the vicinity of the “wall”’, then flattens along the wall and then “climbs” up
vertically to a flavor brane. In a very similar manner we search for a string of the same type of profile
but now not a static one. When the endpoints of the open string are not on the boundary and are not
nailed down, the string does not shrink due to the tension only if it rotates and the “centrifugal force”
balances the tension. Therefore we look for a solution of the string equation of motion of the form of
a rotating string in a plane spanned by the xi coordinates. Like the stringy Wilson line, the rotating
string in the holographic background will include two vertical segments (region I) which connect the
horizontal segment of the string (region II) to the flavor branes. Thus, the procedure to determine the
holographic dual of the meson includes a solution of the equation of motion in the vertical segment
(region I), a solution in the horizontal segment (region II), matching the two solutions and finally
computing the corresponding energy and angular momentum as the Noether charges associated with
the translation symmetry along the time and azimuthal directions. Before delving into the equations it
should be useful to have a picture of the “ mesonic rotating string”. It appears in figure (5).
The Nambu-Goto action associated with a rotating string in a background metric of the form (29)
takes the form
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Figure 5: A meson as a rotating open string that stretches from the tip of the flavor brane at two
points separated in Xi coordinates.
S = −Ts
∫
dσdτ
√
((∂τX0)2 −R2(∂τθ)2)(f 2(∂σR)2 + g2(∂σu)2), (36)
where we assume here that g00 = gxx and where f
2 and g2 are defined in (11). Since we have in mind
analysing rotating strings we do not consider the most general configuration but rather an ansatz similar
to the one discussed above (33)
X0 = X0(τ) θ = θ(τ) R(σ, τ) = R(σ) u = u(σ). (37)
The boundary conditions corresponding to this configuration are Neumann in the directions parallel to
the flavor brane, and Dirichlet in the directions transverse to the brane, namely:(
∂σX
0 = ∂σθ = ∂σR = ∂σλ
)∣∣∣∣
σ=±pi/2
= 0,
u(σ) = uf
∣∣∣∣
σ=−pi/2,pi/2
. (38)
In fact for the rotating string we have θ = ωτ and since we can use the static gauge where t = τ the
action in fact reads
S = −Ts
∫
dσdτ
√
(1−R2ω2)(f 2∂σR2 + g2∂σu2)
= −Ts
∫
dRdτ
√
(1−R2ω2)(f 2 + g2(u′)2), (39)
where here u′ = du
dR
The equation of motion with respect to δu is given by
d
dR
[
1
γ
g2u′√
(f 2 + g2(u′)2)
]
=
1
γ
d
√
(f 2 + g2(u′)2)
du
(40)
where γ = 1√
(1−R2ω2)
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Let us now examine whether this equation (40) indeed admits a solution of an horizontal part (region
II) connected to flavor branes by vertical parts (region I). In regions I that are along
− α > σ ≥ −pi/2 pi/2 ≥ σ > α (41)
u′ →∞,
√
(f 2 + g2(u′)2)→ gu′ γ = γ(L) = constant (42)
where along these segments R = L with L is the length of the string. Thus the l.h.s of the equation
turns into dg
dR
which is also the value of the r.h.s. In region II which is along
α ≥ σ ≥ −α (43)
since we require there that u = u0 is ( approximately) constant we expand the equation (40) to
leading order in u′. For finite g(u0) the l.h.s of the equation vanishes and thus since in this case√
(f 2 + g2(u′)2) → f it implies that f(u) has to have an extremum at u = u0. The other option that
we want to examine is the case that limu→u0g
2(u) → ∞ which for the static case is one of the two
sufficient conditions [30] to admit an confining area law behavior.
Since we took the string to stretch separately along region of the type I, region II and again region
of the type I we have to reexamine the variation of the action with respect to δR.
δS = T
(∫ −α
−pi/2
+
∫ pi/2
α
)
dσdτδR
[
γR(θ˙)2g∂σu
]
+ T
∫
dτδR
f 2∂σR
γ
√
f 2 + g2(∂σu)2
∣∣∣∣α
−α
(44)
Upon substituting the solution of the bulk equations of motion and in particular that in the interval
(−α, α) ∂σu = 0, we find that the variation of the action can vanish only provided that
f(u0)
γ(L)
= ω2Lγ(L)
∫ uf
u0
dug(u) (45)
Let us define now the notion of a string endpoint mass
msep = T
∫ uf
u0
g(u) (46)
then the condition of the vanishing of the variation of the action takes the form
Teff = msepγ
2ω2L Teff = Tf(u0) (47)
As will be further discussed in section (§4.2) this is nothing but a balancing equation between the
tension and the centrifugal force acting on the string endpoint, where the tension is exactly the same
one that was found above for the Wilson line.
Next we determine the energy and angular momentum of the rotating string that get contributions
from both the horizontal and vertical segments. The energy and angular momentum are the Noether
charges associated with the invariance of the action under shifts of X0 and θ respectively, given by
E = T
∫
dRγ
√
f 2 + g2(u′)2
J = T
∫
dRR2θ˙γ
√
f 2 + g2(u′)2
(48)
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The contribution of regions I is therefore given by
EI =
2msep√
1− ω2L2 , JI =
2msepωL
2
√
1− ω2L2 (49)
which as will be discussed in section (§4.2) maps into the contribution to the energy and angular
momentum of the massive endpoints of the string. The contribution of the string that stretches along
region II is
EII = Ts
∫ L
−L
T
∫
dRγ
√
f 2 + g2(u′)2
= Teff
2
ω
arcsin(ωL) (50)
JII = Ts
∫ L
−L
dRR2θ˙γ
√
f 2 + g2(u′)2
= Teff
[
1
ω2
(arcsin(ωL)− ωL
√
1− ω2L2
]
(51)
Combining together the contributions of regions I and region II we find
E = Teff
2
ω
arcsin(ωL) +
2msep√
1− ω2L2 (52)
J = Tg
1
ω2
(arcsin(ωL)− ωL
√
1− ω2L2) + 2msepωL
2
√
1− ω2L2 . (53)
So far we have considered stringy holographic baryons that attach to one flavor brane. In holographic
backgrounds one can introduce flavor branes at different radial locations thus corresponding to different
string endpoint masses, or different quark masses. For instance, a setup that corresponds to u and d
quarks of the same msep mass, a strange s quark, a charm c quark, and a bottom b quark is schematically
drawn in figure (6). A B meson composed of a bottom quark and a light u¯/d¯ anti-quark was added to
the figure.
Figure 6: Holographic setup with flavor branes associated with the u, d quark, s, c and b quarks.
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Figure 7: Schematic picture of holographic baryons. On the left is an external baryon with strings that
end on the boundary, while on the right is a dynamical baryon with strings ending on a flavor brane.
3.3 Holographic stringy baryons
We have seen in the previous sections that (i) a string with its two ends on the boundary of a holographic
background corresponds in the dual field theory to an external quark, and (ii) a rotating string with
its ends on flavor probe branes is a dual of a meson. It is thus clear that a stringy holographic baryon
has to include Nc strings that are connected together and end on flavor branes (dynamical baryon) or
on the boundary (external baryon). The question is what provides the “baryonic vertex” that connects
together Nc strings. In [40] it was shown that in the AdS5×S5 background, which is equipped with an
RR flux of value Nc, a D5 brane that wraps the S
5 has to have Nc strings attach to it. This property can
be generalized to other holographic backgrounds so that a Dp brane wrapping a non-trivial p cycle with
a flux of an RR field of value Nc provides a baryonic vertex. These two possible stringy configurations
are schematically depicted in figure (7). Whereas the dual of the original proposal [40] was a conformal
field theory, baryons can be constructed also in holographic backgrounds that correspond to confining
field theories. A prototype model of this nature is the Sakai Sugimoto model discussed in section( §
2.3) of Nc D4 branes background compactified on a circle with an Nf D8–D8 U-shaped flavor branes
[28]. In this model the baryonic vertex is made out of a D4 brane that wraps an S4. Another model for
baryons in a confining background is the deformed conifold model with D7–D7 U-shaped flavor branes
[41]. In this model the baryon is a D3 brane that wraps the three-cycle of the deformed conifold.
The argument why a Dp brane wrapping a fluxed p cycle is a baryonic vertex is in fact very simple.
The world-volume action of the wrapped Dp brane has the form of S = SDBI + SCS. The CS term
takes the following form
SCS =
∫
Sp×R1
∑
i
cpi ∧ eF =
∫
Sp×R1
cp−1 ∧ F = −
∫
Sp×R1
Fp ∧ A = −Nc
∫
R1
A (54)
where (i) the sum over i is over the RR p-forms that reside in the background, (ii) from the sum one
particular RR form was chosen, the cp−1-form that couples to the Abelian field-strength F, (iii) for
simplicity we took the p cycle to be Sp, (iv) A is the Abelian connection that resides on the wrapped
brane, (v) Fp is the RR p-form field strength, and (vi) in the last step we have made use of the fact
that
∫
Sp
Fp = Nc. This implies that there is a charge Nc for the Abelian gauge field. Since in a compact
space one cannot have non-balanced charges and since the endpoint of a string carries a charge one,
there must be Nc strings attached to it.
It is interesting to note that a baryonic vertex, rather than being a “fractional” D0 brane of the
form of a Dp brane wrapping a p cycle, can also be a D0 brane in an Nc fluxed background. This is the
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Figure 8: The location of the baryonic vertex along the radial direction of the Sakai-Sugimoto model.
u0 is the tip of the flavor branes and ukk is the “confining scale” of the model.
Figure 9: The location of the baryonic vertex on the flavor brane and the corresponding configuration
of the baryon for some large Nc. When Nc = 3, the left is the analog of the quark-diquark flat space-time
model, and the right the analog of the Y-shape model.
case in the non-critical string backgrounds like [18] where there is no non-trivial cycle to wrap branes
over, but an “ordinary” D0 brane in this background there is also a CS term of the form Nc
∫
R1
A.
Next we would like to determine the location of the baryonic vertex in the radial dimension. In
particular the question is whether it is located on the flavor branes or below them. This is schematically
depicted in figure (8) for the model of [28].
In [42] it was shown that in the model of [28] by minimizing the “mechanical energy” of the Nc
strings and the wrapped brane that it is preferable for the baryonic vertex to be located on the flavor
branes of the model. It was also found that for the baryonic vertex of the model of [26], if the tip of the
U-shaped flavor brane is close to the lowest point of the deformed conifold the baryonic vertex is on the
flavor branes, but there is also a range of parameters where it will end up below the flavor branes. It is
interesting to note that for a background that corresponds to the deconfining phase of the dual gauge
theory the baryonic vertex falls into the “black hole” and thus the baryon dissolves.
The locations of the baryonic vertex and the ends of the Nc strings on the flavor branes is a dynamical
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issue. In figure (9) we draw two possible setups. In one the baryonic vertex is located at the center and
the Nc ends of the strings are located around it in a spherically symmetric way. In the “old” stringy
model of baryons for three colors this is the analog of the Y-shape configuration that we will further
discuss in the sections describing the flat space-time models. Another possibility is that of a baryonic
vertex is connected by Nc−1 very short strings and with one long string to the flavor branes. Since the
product of Nc − 1 fundamental representations includes the anti-fundamental one, this configuration
can be viewed as a string connecting a quark with an anti-quark. For the case of Nc = 3 this is the
analog of what will be discussed below as the quark-diquark stringy configuration. This latter string
configuration (for any Nc) is similar to the stringy meson, but there is a crucial difference, which is the
fact that the stringy baryon includes a baryonic vertex.
Correspondingly there are many options of holographic stringy baryons that connect to different
flavor branes. This obviously relates to baryons that are composed of quarks of different flavor. In fact
there are typically more than one option for a given baryon. In addition to the distinction between the
central and quark-diquark configurations there are more than one option just to the latter configuration.
We will demonstrate this situation in section 6.3.8, focusing on the case of the doubly strange Ξ baryon
(ssd or ssu). The difference between the two holographic setups is translated to the two options of the
diquark being either composed of two s quarks, whereas the other setup features a ds or us diquark.
Rather than trying to determine the preferred configuration from holography we will use a comparison
with experimental data to investigate this issue.
3.4 The glueball as a rotating closed string
The third type of a hadron is the glueball. The fact that the latter does not include quarks maps
under the holographic duality to a string with no endpoints, namely, a closed string. Before analyzing
the closed strings of holographic background we first review certain general properties of closed string.
Firstly we would like to remind the reader the classical rotating string in flat space-time.
3.4.1 Classical rotating folded string
Here we use the Nambu-Goto action for the string
S = − 1
2piα′
∫
dτdσ
√−h , (55)
with
h = dethαβ , hαβ = ηµν∂αx
µ∂βx
ν , (56)
and
α′ =
1
2piT
. (57)
The rotating folded string is the solution
x0 = τ x1 =
1
ω
sin(ωσ) cos(ωτ) x2 =
1
ω
sin(ωσ) sin(ωτ) . (58)
We take σ ∈ (−`, `) and correspondingly ω takes the value ω = pi/`. The energy of this configuration is
E = T
∫ `
−`
dσ∂τX
0 = 2T` (59)
The angular momentum we can get by going to polar coordinates (x1 = ρ cos θ, x2 = ρ sin θ), then
J = T
∫ `
−`
dσρ2∂τθ =
T
ω
∫ `
−`
dσ sin2(ωσ) =
piT
ω2
=
T`2
pi
(60)
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From the last two equations we can easily see that for the classical rotating folded string
J =
1
4piT
E2 =
1
2
α′ E2 (61)
Figure 10: Closed and open strings in holographic backgrounds (above), and their mappings into flat
spacetime (below). For the open string, the mapping from curved to flat background adds endpoint
masses to the strings, with the vertical segments mapped to the point-like masses in flat space. For the
closed string, we look at the simple folded string in both cases. Note that classically the rotating folded
string has zero width, and as such would look like an open string with no endpoint masses, and not like
in the drawing.
Thus we conclude that the Regge slope for the closed string is
α′ closed =
1
2
α′ open , (62)
A simple explanation for this property is that one can regard the fully folded string as two strings and
hence the tension of the system is twice the tension of a single open string and correspondingly the slope
of the closed string is half of the open one. This property that holds also for the rotating folded string
in curved holographic background, as will be shown in §(6.4), will be the main tool for our proposed
phenomenological identification of glueballs (see §(3.42).
It is well known that this ratio between the slopes ( or tensions) follows also from gauge theory
arguments. This is based on the fact that the potential between two static adjoint SU(N) charges, is
proportional to the quadratic Casimir operator. For small distances this group theory factor can be
obtained easily from perturbation theory. Calculations in [43] show that what is referred to as the
“Casimir scaling hypothesis” holds in lattice QCD for large distances as well, and this means that the
effective string tension also scales like the Casimir operator (as the potential at large distances is simply
V (`) ≈ Teff`). Therefore, a model of the glueball as two adjoint charges (or constituent gluons) joined
by a flux tube predicts the ratio between the glueball and meson (two fundamental charges) slopes to
be
α′gb
α′ qq¯
=
C2(Fundamental)
C2(Adjoint)
=
N2 − 1
2N2
=
4
9
, (63)
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where for the last equation we take N = 3. For N → ∞ we recover the ratio of 1/2. Note, however,
this type of determination of the ratio from QCD is not valid at higher orders non-perturbatively.
Other models attempt to tie the closed string to the phenomenological ”pomeron”. The pomeron
slope is measured to be
α′pom = 0.25 GeV−2 ≈ 0.28× α′meson (64)
and the pomeron trajectory commonly associated with both glueballs and closed strings. One string
model that predicts a pomeron-like slope was proposed [44] and is presented in [45], or in more detail
in [46]. It is simply the model of a rotating closed string, with a fixed circular shape. This string
has two types of trajectories, a phononic trajectory (excitations propagating along the string) which
has α′ phonon = 14α
′
open, and an orbital trajectory (the circular string rotating around an axis in the
circle’s plane), for which α′orbital = 3
√
3
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α′ open ≈ 0.32×α′ open. If the rotating circular loop were allowed
to deform, it would have necessarily flowed towards the flattened folded string configuration that we
have been discussing, which always maximizes the angular momentum at a given energy. There are
also other possibilities of rigidly rotating closed string of other shapes, as in [47], which may give yet
another prediction of the ratio between open and closed string Regge slopes.
3.4.2 The closed string in a curved Holographic background
Now that we spelled out the basic properties of the classical rotating folded string in flat space time, we
want to explore the same type of configurations but now in holographic confining backgrounds. The full
analysis of rotating closed string in holographic curved backgrounds was performed in [48]. We present
here the key points in short form.
If we look at a curved background metric of the form
ds2 = h(r)−1/2(−dX0dX0 + dX idX i) + h(r)1/2dr2 + . . . , (65)
, namely with g00 = h(r)
−1/2 with i = 1, 2, 3 and the ellipsis denoting additional transverse coordinates,
the rotating folded string, namely the configuration,
X0 = eτ X1 = e sinσ cos τ X2 = e sinσ sin τ , (66)
is still2 a solution to the string equations of motion provided we take
r(σ, τ) = r0 = Const. (67)
where r0 is a point where the metric satisfies the condition
∂rg00(r)|r=r0 = 0, g00(r)|r=r0 6= 0 (68)
This is also one of the sufficient conditions for the dual gauge theory to be confining [30]. Compared to
the folded string in flat spacetime, the energy and angular momentum take each an additional factor
in the form of g00(r0):
E =
1
2piα′
∫ pi
−pi
g00(r0)dσ = g00(r0)
e
α′
(69)
J = T
∫ pi
−pi
g00(r0) sin
2 σdσ = g00(r0)
e2
2α′
(70)
2We follow a somewhat different normalization here, taking ω = pi/` from the previous section to be 1, and introducing
a common prefactor e, but the solution is essentially the same as the flat space solution of section 3.4.1.
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Defining an effective string tension Teff = g00(r0)T and slope α
′
eff = (2piTeff )
−1, we can write the
relation
J =
1
2
α′ effE2 (71)
The same factor of g00(r0) multiplies the effective tension in the open string case, and therefore
the closed and open string slopes are still related by the factor of one half, although the open string
trajectories have the additional modification which can be ascribed to the presence of endpoint masses
[49, 3]. We draw the two types of strings in figure 10.
4 Holography inspired hadronic strings
In the previous section we have determined the classical string configurations that correspond to Wilson
lines, mesons, baryons and glueballs in holographic background. Analyzing, and in particular quantizing,
strings in curved holographic backgrounds is a rather complicated task. In this section we will argue
that one can approximate the holographic string configurations by modified strings in flat space time. It
is important to emphasize that whereas the stringy holographic configurations are supposed to be duals
of gauge invariant objects of certain confining gauge theory in the large N and large λ approximation,
the stringy picture that we discuss from here on is a phenomenological model. It is by no means
a formal passage from the large N large λ region to the QCD domain of Nc = 3 and λ of O(1). In
this section we first describe the “map” from the holographic models of classical hadronic strings to
models of classical strings in flat space-time. We then analyze the system of rotating strings with
massive endpoint which as will be shown below associate with both mesons and baryons. We discuss
the stability of baryonic configurations and certain properties of closed strings In the next section we
will address the problem of quantizing these systems.
4.1 The map from holographic strings to strings in flat space-time
The map from holographic strings to strings in flat space-time includes several ingredients:
• All the stringy configurations in holographic confining background that were discussed in section
(§3) are characterized by having a “flat string” that stretches close to the “wall” of the confining
background. For the glueball it is a closed string, for the mesons and baryons a string connected
to flavor D branes and for the Wilson line connected to the boundary.
In all these cases the strings are characterized by an effective string tension which is given by the
“bare” string tension dressed in the following way
Teff = Tf(u∗) = T
√
g00(u∗)gxx(u∗)
either fmin = f(u∗) or limu→u∗g(u)→∞
(72)
Obviously for the closed strings the tension will be Tclosed = 2Topen.
• All the holographic open strings: the Wilson line, the meson and the baryon include, as was shown
in section (§3), two vertical strings that connect the horizontal string that stretches in the vicinity
of the “wall” and flavor branes or the boundary of the holographic bulk. It was shown there that
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Figure 11: On the left: rotating holographic open string and on the right the corresponding open
string with massive endpoints in flat space-time with m1 = m2.
the action (or energy) of these segments can be converted to the action of massive particles at the
ends of the string where the mass is given by
msep = T
∫ uf
u0
g(u) (73)
The role of the masses in the map is described in figure (11). In the next subsection we will
classically analyze such a string with massive endpoints and in the next section we will address
the issue of its quantization. It is interesting also to note the role of these masses for the stringy
Wilson line in flat space time. As was discussed in section (§3.1) the holographic Wilson line
diverges and has to be renormalized. This can be done in several different methods. One of them
is exactly the subtraction of the action of the vertical strings, namely the mass at the endpoints.
Moreover the outcome of the subtraction is that in addition to the linear term the energy of the
string has also a constant term (and terms that depend on negative powers of the length). The
interpretation of the constant term is that of an addition of a mass (or masses). For a detailed
description see [30].
• For baryons the transition from the holographic strings to those of “Holography inspired models”
there is a dramatic difference and that is that whereas in the former the number of colors Nc and
hence the number of string arms is large in the latter it is taken to be Nc = 3. As explained above
we do not claim to have a controlled method to pass from large Nc we take as an ansatz that
there are three strings connected to the baryonic vertex.
• An important ingredient of the transition is the fact that whereas the original holographic models
are in critical ten dimensions the model in flat space-time is taken to be non-critical in four space-
time dimension. This will have a dramatic effect on the quantum action of the string due to the
Liouville term.
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4.2 The rotating string with massive endpoints
3 We describe the string with massive endpoints (in flat space-time) by adding to the Nambu-Goto
action,
SNG = −T
∫
dτdσ
√−h (74)
hαβ ≡ ηµν∂αXµ∂βXν
a boundary term - the action of a massive chargeless point particle
Spp = −m
∫
dτ
√
−X˙2 (75)
X˙µ ≡ ∂τXµ
at both ends. There can be different masses at the ends, but here we assume, for simplicity’s sake,
that they are equal. We also define σ = ±l to be the boundaries, with l an arbitrary constant with
dimensions of length.
The variation of the action gives the bulk equations of motion
∂α
(√−hhαβ∂βXµ) = 0 (76)
and at the two boundaries the condition
T
√−h∂σXµ ±m∂τ
(
X˙µ√
−X˙2
)
= 0 (77)
It can be shown that the rotating configuration
X0 = τ,X1 = R(σ) cos(ωτ), X2 = R(σ) sin(ωτ) (78)
solves the bulk equations (76) for any choice of R(σ). We will use the simplest choice, R(σ) = σ, from
here on.4 Eq. (77) reduces then to the condition that at the boundary,
T
γ
= γmω2l (79)
with γ−1 ≡ √1− ω2l2.5 We then derive the Noether charges associated with the Poincare´ invariance
of the action, which include contributions both from the string and from the point particles at the
boundaries. Calculating them for the rotating solution, we arrive at the expressions for the energy and
angular momentum associated with this configuration:
E = −p0 = 2γm+ T
∫ l
−l
dσ√
1− ω2σ2 (80)
J = J12 = 2γmωl2 + Tω
∫ l
−l
σ2dσ√
1− ω2σ2 (81)
3The theory of a bosonic string with massive endpoints has been already addressed in the original application of string
theory to hadron physics. For instance see[95]. It is worth mentioning thought that up to date the quantization of this
system has not been fully solved.
4Another common choice is X0 = τ, x1 = sin(σ) cos(ωτ), X2 = sin(σ) sin(ωτ).
5Notice that in addition to the usual term γm for the mass, the tension that balances the “centrifugal force” is Tγ .
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Solving the integrals, and defining q ≡ ωl - physically, the endpoint velocity - we write the expressions
in the form
E =
2m√
1− q2 + 2T l
arcsin(q)
q
(82)
J = 2ml
q√
1− q2 + T l
2
(
arcsin(q)− q√1− q2
q2
)
(83)
The terms proportional to m are the contributions from the endpoint masses and the term proportional
to T is the string’s contribution. These expressions are supplemented by condition (79), which we
rewrite as
T l =
mq2
1− q2 (84)
This last equation can be used to eliminate one of the parameters l,m, T, and q from J and E. Elimi-
nating the string length from the equations we arrive at the final form
E = 2m
(
q arcsin(q) +
√
1− q2
1− q2
)
(85)
J =
m2
T
q2
(1− q2)2
(
arcsin(q) + q
√
1− q2
)
(86)
These two equations are what define the Regge trajectories of the string with massive endpoints. They
determine the functional dependence of J on E, where they are related through the parameter 0 ≤ q < 1
(q = 1 when m = 0). Since the expressions are hard to make sense of in their current form, we turn to
two opposing limits - the low mass and the high mass approximations. In the low mass limit where the
endpoints move at a speed close to the speed of light, so q → 1, we have an expansion in (m/E):
J = α′ E2
(
1− 8
√
pi
3
(m
E
)3/2
+
2
√
pi3
5
(m
E
)5/2
+ · · ·
)
(87)
from which we can easily see that the linear Regge behavior is restored in the limit m → 0, and that
the first correction is proportional to
√
E. The Regge slope α′ is related to the string tension by
α′ = (2piT )−1. The high mass limit, q → 0, holds when (E − 2m)/2m 1. Then the expansion is
J =
4pi
3
√
3
α′ m1/2(E − 2m)3/2 + 7pi
54
√
3
α′ m−1/2(E − 2m)5/2 + · · · (88)
4.3 The stringy baryon and its stability
Next we discuss the stringy baryon. For the case of Nc = 3, the asymmetric configuration depicted in
figure 7. is the analog of what will be discussed below as the quark-diquark stringy configuration. This
latter string configuration (for any Nc) is similar to the stringy meson, but there is a crucial difference,
which is the fact that the stringy baryon includes a baryonic vertex which carries the baryon number.
It was shown in [49] that the classical rotating holographic stringy configuration of the meson can
be mapped into that of a classical rotating bosonic string in flat space-time with massive endpoints. A
similar map applies also to holographic stringy baryons that can be transformed into stringy baryons
in flat space time with massive endpoints. We will proceed now to discuss this map for the central
and asymmetric layouts of figure (9). The asymmetric holographic configuration of a quark and Nc− 1
quarks on the two ends of the holographic string depicted in figure (12) is mapped into a similar stringy
configuration in flat space-time where the vertical segments of the string are transferred into massive
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Figure 12: The holographic setup downlifted to Nc = 3 of a quark and a diquark is mapped to a
similar configuration in flat space-time. The vertical segments of the holographic string are mapped
into masses of the endpoints.
endpoints of the string. On the left hand side of the string in flat space-time there is an endpoint with
mass msep given by
msep = T
∫ uf
uΛ
du
√
g00guu (89)
where uλ is the location of the “wall”, uf is the location of the flavor brane, and g00 and guu are the 00
and uu components of the metric of the background. On the right hand side the mass of the endpoint
is a sum of msep +mbv. This is the sum of the energy associated with the vertical segment of the string,
just like that of the right hand side, and the mass of the baryonic vertex. Note that even though on
the right endpoint of the string there are in fact two endpoints or “two quarks” the mass is that of a
single quark since there is a single vertical string. This string setup is obviously very similar to that
of the meson. The only difference is the baryonic vertex that resides at the diquark endpoint. Since
we do not know how to evaluate the mass of the baryonic vertex, it will be left as a free parameter to
determine by the comparison with data. Our basic task in this case will be to distinguish between two
options: (i) the mass of the baryonic vertex is much lighter than the endpoint mass, mbv << msep, in
which case the masses at the two endpoints will be roughly the same, and (ii) an asymmetric setup
with two different masses if the mass of the baryonic vertex cannot be neglected.
The configuration with a central baryonic vertex can be mapped into the analog of a Y-shaped
object with Nc massive endpoints and with a central baryonic vertex of mass mc = mbv +Ncmsep. The
factor of Nc is due to the fact that there are Nc strings that stretch from it vertically from the flavor
brane to the “Wall”, as can be seen in figure (13) for the case of Nc = 3. In this case, regardless of the
ratio between the mass of the baryonic vertex and that of the string endpoint, there is a massive center
which is at least as heavy as three sting endpoints.
So far we have considered stringy holographic baryons that attach to one flavor brane. In holographic
backgrounds one can introduce flavor branes at different radial locations thus corresponding to different
string endpoint masses, or different quark masses. For instance, a setup that corresponds to u and d
quarks of the same msep mass, a strange s quark, a charm c quark, and a bottom b quark is schematically
drawn in figure (6). A B meson composed of a bottom quark and a light u¯/d¯ antiquark was added to
the figure.
Correspondingly there are many options of holographic stringy baryons that connect to different
flavor branes. This obviously relates to baryons that are composed of quarks of different flavor. In fact
there are typically more than one option for a given baryon. In addition to the distinction between the
central and quark-diquark configurations there are more than one option just to the latter configuration.
We will demonstrate this situation in section 6.3.8, focussing on the case of the doubly strange Ξ baryon
(ssd or ssu). The difference between the the two holographic setups is translated to the two options
of the diquark being either composed of two s quarks, whereas the other setup it is a ds/us diquark.
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Figure 13: The map between the holographic central configuration (for Nc = 3) and the Y-shaped
string in flat space-time.
Figure 14: Four different stringy models for the baryon in flat space-time. (a) is the quark-diquark
model, (b) the two-string model, (c) the three-string Y-shape, and (d) the closed ∆-shape. (a) and (c)
are the models discussed in the preceding discussion of holographic strings and their mappings to flat
space-time.
Rather than trying to determine the preferred configuration from holography we will use the comparison
with the observational spectra to investigate this issue.
There are some words to be said about the models emerging when mapping the holographic rotating
strings to flat space-time. In this section, we briefly discuss another matter: the stability of the rotating
solution. Specifically, we claim that the Y-shape model of the baryon is (classically) unstable. In our
analysis of the spectrum we will disregard this potential instability of the model and use the expressions
for the energy and angular momentum of the unperturbed rotating solution of the Y-shape model as one
of our fitting models, but it is important to remember that there is this theoretical argument against it
as a universal setup for baryons before we test it out as a phenomenological model.
Other than the Y-shape and quark-diquark configurations which we analyze, there are two more
possible stringy models for the baryon when considering a purely flat space-time point of view. These
are drawn, together with the quark-diquark and Y-shape models, in figure (14). The additional models
are the two-string model where one of the quarks is located at the center of the baryon, and the other
two are attached to it by a string. The second is the ∆-shape model, in which each quark is connected
to the other two. It can also be looked at as a closed string with three points along it that carry finite
momentum (which can be either massive or massless). While the two-string model may have its analog
in holography, with the baryonic vertex lying with the quark at the center of mass, the ∆-shaped string
cannot be built if we impose the constraint that the three quarks should all be connected to a baryonic
vertex.
Two independent analyses of the three-string model[50][51] concluded that the rotating solution of
the Y-shape configuration is unstable, even before taking quantum effects into account. In another
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work, it was found that the instability does not show itself in first order perturbation theory[52], but
the claim of the unstable nature of the Y-shape model has been verified using numerical methods in [53],
where the instability was observed in simulations and its dependence on endpoint masses was examined.
To summarize the result, in the three-string Y-shape model, a perturbation to one of the three arms
would cause it to shorten until eventually the Y-shape collapses to a form like that of the straight
two-string model. From this model in turn a different kind of instability is expected[50][51]. The quark
in the center of the baryon will move away from the center of mass given a small perturbation and as
it approaches one of the quarks at the endpoints quantum effects will induce a collapse to the single
string quark-diquark model, it being energetically favorable for two of the quarks to form an diquark
bound state in the anti-fundamental color representation. It would seem that all other models have
an instability that would cause them to eventually collapse to the quark-diquark configuration as two
quarks get close enough to each other.6
From a phenomenological point of view the models differ in their prediction of the slope of the Regge
trajectory. Assuming the strings in baryons have the same tension as those in mesons, we can see which
of the models offers the best match. We will see that it is the configuration we know to be stable, that
of a single string with a quark and a diquark at its endpoints.7
4.4 The stringy glueball
The map of the classical folded rotating closed string in holographic background to a similar string in
flat four dimensions is simple. Unlike the case of the open string here there are no vertical segments
involved and correspondingly no msep. It is just the string tension dependence on the holographic
background that makes it different from an ordinary rotating folded closed string in flat space-time.
However, as will be seen in (§6.1), the form of the quantum string yields another significant difference
from the ordinary closed string. According to [48] we find that the relation between the energy and
angular momentum is modified from the linear Regge trajectory form and looks like
J = α′ closed(E −m0)2 + a˜ . (90)
Thus one may interpret the result as described by an action that includes a closed string plus a
massive particle in the center of the closed string thought an interpretation of a quantum fluctuation
as a classical particle may be suspicious. As will be mention above for the case of Witten’s model m0 is
positive and hence it indeed fits the picture of a massive particle in the center whereas for the models
discussed in [48] the mass is negative and thus the interpretation is less clear. The addition of the
massive particle at the center maybe related to the observation made in [56] about the presence of a
massive pseudoscalar axion on the worldsheet of confining flux tubes.
5 On the quantum stringy hadrons
So far we have described the model of holography inspired stringy hadrons classically. Though the basic
property of the spectrum, the relation between the mass and the angular momentum, follows from the
classical configuration, the quantum corrections of the classical spectrum are also quite important. It
is well known that the basic classical linear Regge trajectory in the critical dimension is shifted
J = α′M2 → J = α′M2 + a (91)
6More discussion and detailed analyses of the different stringy models of the baryon and their stability are found in
the work of G.S. Sharov, most recently in [54].
7The quark-diquark model was also used to analyze the baryon spectrum in [55].
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where a is the quantum intercept and furthermore there are quantum excitations denoted by n that
relate to the mass as n = α′M2 + a so that altogether the linear quantum trajectories is given by
n+ J = α′M2 + a (92)
This form of the linear trajectory follows from the quantization of the open string. In [57] the quanti-
zation of the Nambu Goto action of the open string with Dirichlet boundary conditions was performed
and yielded the following expression for the energy of the string
Estat =
√
(TL)2 + 2piT
(
n− D − 2
24
)
(93)
If instead of the static string we take the rotating one, we are instructed from the classical solution to
replace TL→ √2piTJ so that we find for the rotating case
Erot =
√
2piT
(
J + n− D − 2
24
)
(94)
which is exactly (92) when the intercept is taken to be a = D−2
24
. It is indeed well known that the
intercept is given in terms of the Casimir energy which is the sum of the eigenvalues of the worldsheet
Hamiltonian wn, namely
ECasimir ≡ 1
2
n=∞∑
n=1
wn =
pi(D − 2)
2L
n=∞∑
n=1
n = −(D − 2)
24
pi
L
= a
pi
L
(95)
where we have taken that wn = n and we have performed a zeta function regularization.
We have seen above that even at the classical level the stringy meson and baryon differ from the
string associated with the linear Regge trajectory. The question at this point is to what extent is the
quantum stringy hadrons different from that of the linear Regge trajectories on top of the classical
difference. As will be shown the quantum picture of the HISH is much more complicated. Elevating the
classical picture to the quantum one can be done in principle in two different ways: (i) Quantizing the
strings in the holographic curved background, or (ii) Quantizing the strings of the HISH model, namely
after mapping to flat four dimensional space-time including the impact of the Liuville mode. In principle
the two paths should yield the same result. This was demonstrated in [58] where the effective action
up to six-derivative order for the special case of certain confining string background was computed and
found out to be the Nambu Goto action in four dimensions. However, in our prescription it is not
obvious that the two procedures commute, that is if we follow (i) and then use a map to flat-space
time we get the same picture as in (ii). In fact this for the closed string system this is not the case.
The map of the holographic folded rotating closed string at the classical level yields a folded rotating
closed string in flat space time where the only memory of the holographic background is the effective
tension that depends on the background. Obviously the quantization of this string is the same as an
ordinary closed string in four dimensions. However, performing the quantization in certain holographic
backgrounds as was done in [48], yielded a result which is quite different from the one found following
(ii).
We started this section with basic properties of the quantization of the closed and open bosonic string
in flat 26 dimensions. We then review the quantization to one loop of closed string in a holographic
background. Next we discuss the quantization of the string in non-critical dimensions. The case of a
static string with massive endpoints in the critical dimensions is then described and finally we breifly
review certain issues about the quantization of the rotating string with massive endpoints in four
dimensions and in particular in the limits of small and large string endpoint masses.
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5.1 The quantum rotating closed string in holographic background
In section (§3.4.2) we have described the classical configuration of the folded rotating string in a holo-
graphic confining background. The result is summarize in
J =
1
2
α′ effE2 (96)
where α′ eff = (2piTeff )−1 and Teff = g00(r0)T . Now we will review the semi-classical quantization of
this string. The calculations of the quantum corrected trajectory of the folded closed string in a curved
background in different holographic backgrounds were performed in [48] and [59] using semiclassical
methods. This was done in the analog of the static gauge, namely with τ = x0 and σ = ρ =
√
x21 + x
2
2
by computing the spectrum of quadratic fluctuations, bosonic and fermionic, around the classical con-
figuration of the folded string. It was shown in [48] that the Noether charges of the energy E and
angular momentum J that incorporate the quantum fluctuations, are related to the expectation value
of the world-sheet Hamiltonian in the following manner[60]
LE − J =
∫
dσ〈Hws〉 . (97)
The contributions to the expectation value of the world-sheet Hamiltonian are from several massless
bosonic modes, “massive” bosonic modes and massive fermionic modes. For the “massive” bosonic
fluctuations around the rotating solution one gets a σ-dependent mass term, with equations of motion
of the form
(∂2τ − ∂2σ + 2m20L2 cos2 σ)δxi = 0 (98)
appearing in both analyses, m0 being a mass parameter which depends on the particular geometry. A
similar mass term, also with cosσ, appears in the equations of motion for some fermionic fluctuations as
well, the factor of cos2 σ in the mass squared coming in both cases from the induced metric calculated
for the rotating string, which is hαβ ∼ ηαβ cos2 σ. Finally summing up all the quadratic quantum
fluctuation it was found in both [48] and [59] that the Regge trajectories are of the form
J = α′ closed(E2 − 2m0E) + a . (99)
where m0 is a mass parameter that characterizes the holographic model and a is the intercept which
generically takes the form a = pi
24
(#bosonic massless modes − #fermionic massless modes). The two
papers [48] and [59] use different holographic models (Klebanov-Strassler and Maldacena-Nu´n˜ez back-
grounds in the former and Witten background in the latter) and predict different signs for m0, which
is given as a combination of the parameters specific to the background. In [48] m0 is positive, while in
[59] it is negative. According to [48] the slope of the closed string trajectory is left unchanged from the
classical case
α′ closed =
1
2
α′open , (100)
5.2 On the quantization of the string in non-critical dimensions
The HISH models are by definition in four dimensional, namely in non-critical dimension. The question
of quantizing the classical string not in the critical dimensions was addressed in the seminal work of
Polyakov. It was later addressed again by Polchinski and Strominger in the context of an effective string
theory theory [61]. Recently, it was discussed again in [8] in the context Nambu- Goto formulation and
in [62] in terms of a Liuville mode. The basic observation is that for the quantum effective string action
in D dimensions, to be 2d conformal invariant one has to add a Liouville term of the form
SL =
26−D
24pi
∫
d2σ
√
|g|[gab∂aϕ∂bϕ−R2ϕ] (101)
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where the Liouville field can be taken to be a composite field of the form
ϕ = −1
2
Log(gab∂ax
µ∂bxµ) (102)
For a classical rotating string of the form
X ≡ (x0, x1, x2) = l(τ, cos(θ) sin(σ), sin(θ) sin(σ)) (103)
one find that
ϕ = −Log(
√
2l cos(σ)). (104)
Thus the Liouville term reads
SL =
26−D
24pi
∫
dτ
∫ δ
−δ
dσtan2(σ) =
26−D
12pi
[tan(δ)− δ] (105)
where the span of the world sheet coordinate σ is taken to be −δ ≤ σ ≤ δ
An alternative formulation for the non-critical term was proposed by Polchinski-Strominger in ([61]).
In the orthogonal gauge
X˙µX˙µ +X
′µX ′µ = 0 X˙
µX ′µ = 0 (106)
which can be expressed also as
h++ = ∂+X
µ∂+Xµ = 0 h−− = ∂−Xµ∂−Xµ = 0 (107)
it reads
Sps = 26−D
24pi
∫
dθ
∫ δ
−δ
dσ
(∂2+X · ∂−X)(∂2−X · ∂+X)
(∂+X · ∂−X)2 = (108)
Substituing the classical solution (103) we get obviously the same result as in (103).
This term has to be added to all the HISH models to the closed string one as well as to the open
string both with massless or massive endpoints.
5.2.1 The folded closed string
Let us start first with the closed string case. In this case δ = pi
2
and thus the non-critical term diverges.
This follows from the fact that the denominator in the non-critical PS term is simply (X˙2)2, so the
problem emerges because the endpoints move at the speed of light. This divergence was discussed also
in [8] where the quantum correction to the linear Regge trajectory was analyzed for a general dimension
D. In dimensions larger than four the string rotates in two planes and the angular momentum is
characterized by two quantum numbers J1 and J2. The result obtained there for the Regge trajectory
of the closed string is
α′
2
M2 = (J1 + J2)− D − 2
12
+
26−D
24
(
(
J1
J2
)
1
4 − (J2
J1
)
1
4
)2
. (109)
This expression is singular when J2 = 0, which is necessarily the case when D = 4, since in four
dimensions the rotation is in a single plane. Therefore the expression is not usable precisely in the
context in which we would like to use it. One potential way to regularize it is to add two masses at
the two endpoints of the folded string. The resulting system looks like two open strings connected at
their boundaries by these masses, but not interacting in any other way. In the rotating solution the
two strings lie on top of one another. The boundary condition, which is the equation of motion of the
massive endpoint is modified: it is the same as for the open string, but with an effective double tension
T → 2T , in accordance with the ratio of the slopes of the open and closed strings discussed above. If
this process of adding masses on the closed string and taking then the limit of zero mass is a legitimate
way to regularize, then it is probable that the result is also simply double that of the open string, as it
is for the critical dimension.
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5.2.2 The regular open string
For the regular open string, namely, with no massive endpoints and for which δ = pi
2
the PS term
diverges and correspondingly the intercept. Even for small masses δ ∼ pi
2
where the contribution to
the intercept due to this term will be very large is un-physical. Thus there is a question of how to
regularize and renormalize this expression. In [8] a procedure to do it was proposed. Here we would
like to mention an approach that seems natural for the case of a string with massive endpoints. One
option is to add a term in the world-line action analogous to the PS or Liouville term can cancel the
tan(δ) term. One can try to introduce a Liouville term also on the world line but since hττ = l
2cos2(σ)
it is clear that a term of the form ∂τϕ vanishes. Another option is to introduce a “ counter-term” of
the form
Sct =
∫
dτLct = δm
∫
dτ
√
X˙µX˙µ = δmlcos(δ) (110)
It is thus clear that if we take δm =
26−D
24pi
T
m
we get Sct =
26−D
24pi
tan(δ). This counter-term cancels the
divergent term of the Polchinski Strominger or Liouville term. If we combine the finite term with the
usual intercept we get [8]
a =
D − 2
24
+
26−D
24
= 1 (111)
This result that the intercept is D independent may look counter-intuitive
5.3 The Casimir energy of a critical static string with massive endpoints
We have seen that the stringy hadrons both mesons and baryons are described in the HISH approach
as strings with massive endpoints rotating in four dimensions. Classically they were treated in section
§(4.2). Before analyzing the quantum corrections to this system we first start with a static string in
the critical dimension, namely without considering the Liouville term. In the next subsection will use
discuss the non-critical rotating string with massive endpoints.
Consider the case of a string of length L with massive endpoints which is static (i.e. non-rotating).
The endpoints can move in directions perpendicular to the direction along which the string is stretched
and the string can fluctuate along those directions The solutions for the fluctuations in the transverse
directions are
δxµ =
1√
2T
∑
n6=0
e−iwnt
αµn
wn
un(ρ) (112)
This solution is in the static gauge where τ = x0 and σ = ρ where ρ is the coordinate along the string
and where µ = 1, 2, ...D − 2. The orthogonality of the transverse modes is given by∫ L
0
dρun(ρ)um(ρ)(ρ) = δnm
∫ L
0
dru′n(ρ)u
′
m(ρ) = w
2
nδnm (113)
where (ρ) = 1 + m
T
[δ(ρ+ L/2) + δ(ρ− L/2)].
The eigenfrequencies wn are the roots of the following equation
tan(wnL) =
2mTwn
m2w2n − T 2
(114)
where we have used the gauge σ = ρ and hence δ = L. Defining the dimensionless eigenfrequencies
wˆn = wnL and q =
m
TL
we get the equation
tan(wˆn) =
2qwˆn
q2wˆ2n − 1
(115)
35
On the w axis the roots are placed symmetrically around w = 0 and hence it is enough to consider only
the positive roots.
Upon quantization the creation and annihilation operators αn obey the algebra
[αµn, α
ν
m] = wnδ
µνδn+m,0 (116)
The energy due to the fluctuations is given by
E =
T
2
∫ L/2
=L/2
dρ(δX˙ i)2(ρ) + (δX i
′
)2 (117)
Substituting the creation and annihilation operators
E =
1
L
∞∑
n=1
D−2∑
i=1
(αinα
i
n
†
+ αin
†
αin)
=
∞∑
n=1
D−2∑
i=1
αin
†
αin +
D − 2
2
1
L
∞∑
n=1
wn (118)
The Casimir energy of this static string reads
EC(m) =
1
2
∞∑
n=1
wn (119)
For the special cases of m = 0 and m =∞ one gets using the zeta function regularization
EC(m =∞) = EC(m = 0) = pi
2L
∞∑
n=1
n = − pi
24L
(120)
For non-trivial and finite m the eigenfrequencies take the form of wn = n + f(L)
1
n
. The second term
cannot be regularized using zeta function regularization. Instead following [63] we use Cauchy’s theorem
to regularize the sum and then we perform a renormalization procedure that yields a finite result which
for the massless case coincides with the zeta function regularization.
The main idea [63] is to express the sum of the eigenfrequencies using the following relation for an
analytic function f(w)
1
2pii
∮
C
dww
f ′(w)
f(w)
=
1
2pii
∮
C
dww[Logf(w)]′ =
∑
k
nkwk −
∑
l
plw˜l (121)
where wk denotes a zero of order k, nk the number of them and w˜l denotes a pole of order l and pl the
number of them. The analytic function f(w) for our case is the eigenfrequencies equation (114) taken
to avoid having poles in the form
f(w) = 2mTwcos(wL)− (m2w2 − T 2)sin(wL) = 0 (122)
Substituting this expression in (119) we get
EC(m) =
1
4pii
∮
C
dww[Logf(w)]′ (123)
where the contour C includes the real positive semiaxis where the roots of f(w) occur. Since f(w)
does not have poles we deform the contour to be a semi-circle with radius Λ and the segment along the
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imaginary axis (−iΛ, iΛ). The integral along the deformed contour is finite for finite Λ and hence this
can be taken as E
(reg)
C (m,L) the regularized Casimir energy.
E
(reg)
C (m,L) =
1
2pi
∫ Λ
0
dyLog
[
2mTy cosh(yL) + (m2y2 + T 2) sinh(yL)
]
+
1
4pi
[wLog[f(w)]]Λ−Λ + Isc(Λ)
(124)
where the second term is the surface term that follows from the integration by parts and the
third term is the semi-circular integral at radius Λ. For large Λ the surface term becomes 2Λ2L +
ΛLog[−1
4
(mΛ +T )4]. However, if one integrate by parts also the integral along the semi-circle then the
surface terms drop out.
To perform the renormalization we subtract E
(reg)
C (m,L → ∞). In this method the renormalized
Casimir energy reads
E
(ren)
C (m,L) = lim
Λ→∞
[E
(reg)
C (m,L)− E(reg)C (m,L→∞)] (125)
The subtracted Casimir energy is the asymptotic value of the regularized Casimir energy when L→∞.
It also has three contributions. However, it easy to see that the surface term takes the same value as
the one in (124) for large Λ. Moreover, the difference between the integrals along the semi-circle radius
vanishes. Thus the subtracted energy takes finally the form
E
(reg)
C (m,L→∞) =
1
2pi
∫ Λ
0
dyLog
[
e(yL)
(my + T )2
2
]
(126)
and hence the renormalized Casimir energy is given by
E
(ren)
C (m,L) =
1
2piL
∫ ∞
0
dxLog
[
1− e−2x
(
(x− a)
x+ a)
)2]
(127)
where a is the dimensionless quantity a = TL
m
. For the special case of massless endpoints one finds
E
(ren)
C (m = 0, L) = E
(ren)
C (m =∞, L) =
1
2pi
∫ ∞
0
dxLog
[
1− e−2xL] = − pi
24L
(128)
Note that one cannot get rid of the divergences by computing the difference of the integral for two
different finite length L or two different tensions T or two different masses. The difference in these cases
is still divergent.
Defining the ratio of the Casimir energy of a finite and infinite string endpoint mass one gets
η(q) =
E
(ren)
c (m,L)
E
(ren)
c (m =∞, L)
= −12
pi2
∫ ∞
0
dzLog
[
1− e−2z
(
1− az
1 + az
)2]
(129)
The dependence of η on Log10(q) is drawn in figure(15).In both limits of q → 0 and q →∞, η → 1 and
its extremum is around q = m
TL
∼ 2.
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Figure 15: η as a function of Log10(a)
5.4 On the quantization of the rotating string with massive endpoints in
four dimensions
We have determined the classical trajectories of the strings with massive endpoints, we have described
the quantizaton of the regular open string in non-critical dimension and the quantization of the static
string with massive endpoints. Now we would like to combine all these ingredients to determine the
semi-classical stringy meson ( and baryon). This task is under current investigation[64]. Here we briefly
mention several of its features.
• In section §(4.2) we were using the Nambu Goto action for the string and the length of the
endpoints worldline as the particle action. For the string one can use also the Polyakov formulation
and for the particle an action with an auxiliary field so that in fact there are four possible
formulation of the action of the combined system.
• The source of the difficulty of quantizing this system is the fact that in the Polyakov formulation
of the string there are only the two diffeomorphism and no scale symmetry. One can gauge fix
the local symmetries in various ways in particular the orthogonal gauge and the analog of the
static gauge mentioned above and a gauge where the fluctuations are perpendicular to the classical
configuration [65], [9].
• The non-linear nature of the system shows up in the boundary equation that in the formulation
without worldsheet and worldline metrics read
T∂σX
µ ±m∂τ
 X˙µ√
−(X˙)2
 = 0 (130)
• The quantum fluctuations transverse to the plane of rotation, transverse to the rotation in the
plane of rotation and those along the direction of the string ( which exists only for the string with
massive endpoints), obey different equations of motion and have to be treated separately.
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• Even without deriving a full semi-classical quantization it seems plausible that the transition from
the classical trajectory given in (80) to the quantum one will be following
α′E2cl → α′E2qm = α′E2cl + a = α′E2cl + (aCas + aPS) (131)
and the leftover challenge is to compute or at least estimate the contributions to the intercept
aCas and aPS
• Needless to say that eigenvalues of the excited string states with massive endpoints is not anymore
just the integers wn = n but rather the eigenvalues discussed above in the previous section. Some
low lying states were determined in [9]
6 Phenomenology: Comparison between the stringy models
and experimental data
Now that we have completed the development of the theoretical model starting from stringy configu-
rations in holographic models and then mapping them into strings in four dimensional flat space-time,
we would like to perform a detailed set of fits between the models and the corresponding hadrons. We
will first describe the fitting procedure and then present separately the fits of mesons (section 6.2)[3][4],
the fits of baryons (section 6.3), and the fits of glueballs (section 6.4[5]).
6.1 Fitting models and procedure
We define the linear fit by
J + n = α′ E2 + a (132)
where the fitting parameters are the slope α′ and the intercept, a.
For the massive fit, we use the general expressions for the mass and angular momentum of the
rotating string with massive endpoints (of eqs. 85 and 86), generalized for the case of two different
masses, and we add to them, by hand, an intercept and an extrapolated n dependence, assuming the
same replacement of J → J + n− a when moving from the classical result to the real, quantum world.
E =
∑
i=1,2
mi
(
qi arcsin(qi) +
√
1− q2i
1− q2i
)
(133)
J + n = a+
∑
i=1,2
piα′ m2i
q2i
(1− q2i )2
(
arcsin(qi) + qi
√
1− q2i
)
(134)
With the relation between q1 and q2 as in eq. 79:
T
ω
= m1
q1
1− q21
= m2
q2
1− q22
(135)
With the two additions of n and a, the two equations reduce to that of the linear fit in (132) in the
limit where both masses are zero.
Now the fitting parameters are a and α′ as before, as well as the the two endpoint masses m1 and
m2. In many cases we assume m1 = m2 and retain only one free mass parameter, m.
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Fitting procedure: For the meson and baryon fits of sections 6.2 and 6.3, the fits are made to
minimalize χ2, defined here as
χ2 =
1
N − 1
∑
i
(
M2i − E2i
M2i
)2
(136)
Mi and Ei are, respectively, the measured and calculated value of the mass of the i-th particle, and
N the number of points in the trajectory. We will also use the subscripts l (for linear fit) or m (for
massive fit) to denote to which fitting model a given value of χ2 belongs. We put M2i in the denominator
instead of the experimental uncertainty ∆M2i , because our models cannot replicate the high accuracy
with which some hadron masses are measured. In the above definition χ2 is normalized in such a way
that
√
χ2 gives the percentage of deviation in M2.
For the glueballs and lattice fits of section 6.4, we work with the definition of χ2 with experimental
(or computational on the lattice) uncertainty in the denominator
χ2 =
1
N − 1
∑
i
(
M2i − E2i
∆(M2i )
)2
. (137)
6.2 Review of meson trajectory fits
We begin with a summary of the main results of the meson fits. Following that we present a “universal”
fit for the (J,M2) trajectories of mesons composed of u, d, s, and c quarks. The latter parts of this
section are more detailed discussion of the different meson fits.
6.2.1 Summary of results for the mesons
Traj. N m α′ a
pi/b 4 mu/d = 90− 185 0.808− 0.863 (−0.23)− 0.00
ρ/a 6 mu/d = 0− 180 0.883− 0.933 0.47− 0.66
η/h 5 mu/d = 0− 70 0.839− 0.854 (−0.25)− (−0.21)
ω 6 mu/d = 0− 60 0.910− 0.918 0.45− 0.50
K∗ 5 mu/d = 0− 240 ms = 0− 390 0.848− 0.927 0.32− 0.62
φ 3 ms = 400 1.078 0.82
D 3 mu/d = 80 mc = 1640 1.073 −0.07
D∗s 3 ms = 400 mc = 1580 1.093 0.89
Ψ 3 mc = 1500 0.979 −0.09
Υ 3 mb = 4730 0.635 1.00
Table 1: The results of the meson fits in the (J,M2) plane. For the uneven K∗ fit the higher values
of ms require mu/d to take a correspondingly low value. mu/d + ms never exceeds 480 MeV, and the
highest masses quoted for the s are obtained when mu/d = 0. The ranges listed are those where χ
2 is
within 10% of its optimal value. N is the number of data points in the trajectory. m is given in MeV
and α′ in GeV−2.
Tables 1 and 2 summarize the results of the fits for the mesons in the (J,M2) plane and (n,M2)
plane respectively.
The higher values of α′ and a always correspond to higher values of the endpoint masses, and the
ranges listed are those where χ2 is within 10% of its optimal value.
We list in the tables the optimal ranges for each fit done individually, but we want to consider the
results as a whole. In the (J,M2) plane we see that the trajectories fitted, which are all the leading
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Traj. N m α′ a
pi/pi2 4 + 3 mu/d = 110− 250 0.788− 0.852 a0 = (−0.22)− 0.00 a2 = (−0.00)− 0.26
a1 4 mu/d = 0− 390 0.783− 0.849 (−0.18)− 0.21
h1 4 mu/d = 0− 235 0.833− 0.850 (−0.14)− (−0.02)
ω/ω3 5 + 3 mu/d = 255− 390 0.988− 1.18 a1 = 0.81− 1.00 a3 = 0.95− 1.15
φ 3 ms = 510− 520 1.072− 1.112 1.00
Ψ 4 mc = 1380− 1460 0.494− 0.547 0.71− 0.88
Υ 6 mb = 4725− 4740 0.455− 0.471 1.00
χb 3 mb = 4800 0.499 0.58
Table 2: The results of the meson fits in the (n,M2) plane. The ranges listed are those where χ2 is
within 10% of its optimal value. N is the number of data points in the trajectory.
trajectories for mesons of various masses, are quite consistent in terms of the slopes and masses obtained
from each trajectory. With the sole exception of the bb¯ trajectory, which gives a much lower slope than
the rest, all the trajectories can be fitted well (if not always optimally) using a slope of ≈ 0.9 GeV−2.
The masses of the light quarks (u and d) are not determined. The results are consistent with zero, but
do not rule out masses up to 100 MeV. The fits for mesons containing s, c, and b quarks are always
improved when adding masses, in terms of both quality and consistency of the slope obtained. The
mass of the s quark is found around 300–400 MeV, while the c and b quarks are at their constituent
masses of 1500 MeV and 4730 MeV respectively.
The intercepts appear to be scattered over different values, positive and negative. If we change
our x-axis to the orbital angular momentum L instead of J (which is either L or L + 1), we get only
negative values: around −0.2 for the light pseudoscalar trajectories (pi, η), and −0.4 for the lighter
vector trajectories (ρ, ω, and also K∗). As the endpoint masses get heavier (φ, D, Ds, Ψ, Υ) the
intercept moves to zero.
In the (n,M2) plane we have less consistency between the different trajectories. This might be
expected since we base our fits on the conjecture that we can extrapolate the dependence of M2 on n
directly from its dependence on J . However, we still see that the light mesons can be fitted on linear or
close-to-linear trajectories with a slope of some 0.80−0.85 GeV−2. The trajectory of the ss¯ has a higher
slope. The fits of the c and b have much lower slopes than the light mesons, but work surprisingly well
when fitted separately.
6.2.2 Universal slope fits
Based on the combined results of the individual fits for the (J,M2) trajectories of the u, d, s, and c
quark mesons, we assumed the values
mu/d = 60,ms = 220,mc = 1500 (138)
for the endpoint masses and attempted to find a fit in which the slope is the same for all trajectories.
This wish to use a universal slope forces us to exclude the bb¯ trajectory from this fit, but we can include
the three trajectories involving a c quark. For these, with added endpoint masses (and only with added
masses), the slope is very similar to that of the light quark trajectories.
The only thing that was allowed to change between different trajectories was the intercept. With
the values of the masses fixed, we searched for the value of α′ and the intercepts that would give the
best overall fit to the nine trajectories of the pi/b, ρ/a, η/h, ω/f , K∗, φ, D, D∗s , and Ψ mesons. The
best fit of this sort, with the masses fixed to the above values, was
α′ = 0.884 (139)
41
Figure 16: Nine (J,M2) trajectories fitted using universal quark masses and slope (mu/d = 60, ms =
220, mc = 1500, and α
′ = 0.884). Top left: pi and ρ, top right: η and ω, bottom left: K∗ and φ, bottom
right: D, D∗s , and Ψ.
api = −0.33 aρ = 0.52 aη = −0.22 aω = 0.53
aK∗ = 0.50 aφ = 0.46 aD = −0.19 aD∗s = −0.39 aΨ = −0.06
and it is quite a good fit with χ2 = 13.13× 10−4. The trajectories and their fits are shown in figure 16.
6.2.3 Meson trajectories in the (J,M2) plane
We now present in more detail the fits to the different trajectories, beginning with the orbital trajectories,
i.e. trajectories in the (J,M2) plane.
Light quark mesons We begin by looking at mesons consisting only of light quarks - u and d. We
assume for our analysis that the u and d quarks are equal in mass, as any difference between them
would be too small to reveal itself in our fits. This sector is where we have the most data, but it is also
where our fits are the least conclusive. The trajectories we have analyzed are those of the pi/b, ρ/a,
η/h, and ω/f .
Of the four (J,M2) trajectories, the two I = 1 trajectories, of the ρ and the pi, show a weak
dependence of χ2 on m. Endpoint masses anywhere between 0 and 160 MeV are nearly equal in terms
of χ2, and no clear optimum can be observed. For the two I = 0 trajectories, of the η and ω, the linear
fit is optimal. If we allow an increase of up to 10% in χ2, we can add masses of only 60 MeV or less.
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Figure 17: χ2 as a function of α′ and m for the (J,M2) trajectory of the ρ (left) and ω (right) mesons.
The intercept a is optimized to get a best fit for each point in the (α′ ,m) plane. χ2 in these plots is
normalized so that the value of the optimal linear fit (m = 0) is χ2 = 1.
Figure 18: Left: χ2 as a function of two masses for the K∗ trajectory. a and α′ are optimized for each
point. The red line is the curve m
3/2
1 +m
3/2
2 = 2× (160)3/2 along which the minimum (approximately)
resides. The minimum is χ2m/χ
2
l = 0.925 and the entire colored area has χ
2
m/χ
2
l < 1. On the right is
χ2 as a function of α′ and m for the (J,M2) trajectory of the φ. The intercept a is optimized. The
minimum is at α′ = 1.07,m = 400 with χ2m/χ
2
l < 10
−4 at the darkest spot. The lightest colored zone
still has χ2m/χ
2
l < 1, and the coloring is based on a logarithmic scale.
Figure 17 presents the plots of χ2 vs. α′ and m for the trajectories of the ω and ρ and shows the
difference in the allowed masses between them.
The slope for these trajectories is between α′ = 0.81− 0.86 for the two trajectories starting with a
pseudo-scalar (η and pi), and α′ = 0.88−0.93 for the trajectories beginning with a vector meson (ρ and
ω). The higher values for the slopes are obtained when we add masses, as increasing the mass generally
requires an increase in α′ to retain a good fit to a given trajectory. This can also be seen in figure 17,
in the plot for the ρ trajectory fit.
Strange and ss¯ mesons We analyze three trajectories in the (J,M2) involving the strange quark.
One is for mesons composed of one s quark and one light quark - the K∗, the second is for ss¯ mesons -
the trajectory of the φ, and the last is for the charmed and strange D∗s , which is presented in the next
subsection with the other charmed mesons.
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Figure 19: Top: χ2 as a function of two masses for the D (left) and D∗s (right) trajectories. The
coloring is based on a logarithmic scale, with the entire colored area having χ2m/χ
2
l < 1. The minimum
is χ2m/χ
2
l = 5×10−4 for the D, and χ2m/χ2l = 2×10−6 for the D∗s . In both plots, a and α′ are optimized
for each choice of the endpoint masses.
The K∗ trajectory alone cannot be used to determine both the mass of the u/d quark and the mass
of the s. The first correction to the linear Regge trajectory in the low mass range is proportional to
α′
(
m
3/2
1 +m
3/2
2
)√
E. This is the result when eq. (87) is generalized to the case where there are two
different (and small) masses. The plot on the left side of figure 18 shows χ2 as a function of the two
masses.
The minimum for the K∗ trajectory resides along the curve m3/2u/d +m
3/2
s = 2× (160)3/2. If we take
a value of around 60 MeV for the u/d quark, that means the preferred value for the ms is around 220
MeV. The higher mass fits which are still better than the linear fit point to values for the s quark
mass as high as 350 MeV, again when mu/d is taken to be 60 MeV. The slope for the K
∗ fits goes from
α′ = 0.85 in the linear fit to 0.89 near the optimum to 0.93 for the higher mass fits.
The trajectory of the ss¯ mesons includes only three states, and as a result the optimum is much
more pronounced than it was in previous trajectories. It is found at the point ms = 400, α
′ = 1.07. The
value of χ2 near that point approaches zero. The range in which the massive fits offer an improvement
over the linear fit is much larger than that, as can be seen in the right side plot of figure 18. Masses
starting from around ms = 250 MeV still have χ
2
m/χ
2
l = 0.50 or less, and the slope then has a value
close to that of the other fits, around 0.9 GeV−2.
Charmed and cc¯ mesons There are three trajectories we analyze involving a charm quark. The
first is of the D, comprised of a light quark and a c quark, the second is the D∗s with a c and an s, and
the third is cc¯ - the Ψ. All trajectories have only three data points.
For the D meson, the optimal fit has mc = 1640, mu/d = 80 and α
′ = 1.07. In this case, unlike the
result for the K∗ trajectory, there is a preference for an imbalanced choice of the masses, although with
four fitting parameters and three data points we can’t claim this with certainty. The fit for the D∗s has
a good fit consistent with the previous s and c fits at mc = 1580, ms = 400, and α
′ = 1.09. The plots
of χ2 vs. the two masses (mc and mu/d/ms) can be seen in figure 19.
In the same figure, we have χ2 as a function of the single mass mc for the cc¯ Ψ trajectory. The
minimum there is obtained at mc = 1500 MeV, where the slope is α
′ = 0.98 GeV−2.
It is worth noting that while the linear fit results in values for α′ that are very far from the one
obtained for the u, d, and s quark trajectories - 0.42, 0.48, and 0.52 for the Ψ, D, and D∗ respectively
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- the massive fits point to a slope that is very similar to the one obtained for the previous trajectories.
This is also true, to a lesser extent, of the values of the intercept a.
bb¯ mesons The last of the (J,M2) trajectories is that of the bb¯ Υ meson, again a trajectory with
only three data points. The fits point to an optimal value of mb = 4730, exactly half the mass of the
lowest particle in the trajectory. The slope is significantly lower than that obtained for other mesons,
α′ = 0.64 at the optimum.
6.2.4 Meson trajectories in the (n,M2) plane
Light quark mesons In the light quark sector we fit the trajectories of the pi and pi2, the h1, the a1,
and the ω and ω3.
The h1 has a very good linear fit with α
′ = 0.83 GeV−2, that can be improved upon slightly by
adding a mass of 100 MeV, with the whole range 0− 130 MeV being nearly equal in χ2.
The a1 offers a similar picture, but with a higher χ
2 and a wider range of available masses. Masses
between 0 and 225 are all nearly equivalent, with the slope rising with the added mass from 0.78 to
0.80 GeV−2.
The pi and pi2 trajectories were fitted simultaneously, with a shared slope and mass between them and
different intercepts. Again we have the range 0 to 130 MeV, α′ = 0.78− 0.81 GeV−2, with mu/d = 100
MeV being the optimum. The preference for the mass arises from non-linearities in the pi trajectory, as
the pi2 when fitted alone results in the linear fit with α
′ = 0.84 GeV−2 being optimal.
The ω and ω3 trajectories were also fitted simultaneously. Here again the higher spin trajectory
alone resulted in an optimal linear fit, with α′ = 0.86 GeV−2. The two fitted simultaneously are best
fitted with a high mass, mu/d = 340, and high slope, α
′ = 1.09 GeV−2. Excluding the ground state
ω(782) from the fits eliminates the need for a mass and the linear fit with α′ = 0.97 GeV−2 is then
optimal. The mass of the ground state from the resulting fit is 950 MeV. This is odd, since we have no
reason to expect the ω(782) to have an abnormally low mass, especially since it fits in perfectly with
its trajectory in the (J,M2) plane.
ss¯ mesons For the ss¯ we have only one trajectory of three states, that of the φ. There are two ways
to use these states. The first is to assign them the values n = 0, 1, 2. Then, the linear fit with the slope
α′ = 0.54 GeV−2 is optimal.
Since this result in inconsistent both in terms of the low value of the slope, and the absence of a
mass for the strange quark, we tried a different assignment. We assumed the values n = 0, 1, and 3
for the highest state and obtained the values α′ = 1.10,ms = 515 for the optimal fit. These are much
closer to the values obtained in previous fits.
The missing n = 2 state is predicted to have a mass of around 1960 MeV. Interestingly, there is a
state with all the appropriate quantum numbers at exactly that mass - the ω(1960), and that state lies
somewhat below the line formed by the linear fit to the radial trajectory of the ω. Even if the ω(1960)
is not the missing ss¯ (or predominantly ss¯) state itself, this could indicate the presence of a φ state
near that mass.
cc¯ mesons Here we have the radial trajectory of the J/Ψ, consisting of four states.
The massive fits now point to the range 1350−1475 MeV for the c quark mass. The biggest difference
between the fits obtained here and the fits obtained before, in the (J,M2) plane is not in the mass,
but in the slope, which now is in the range 0.48 − 0.56 GeV−2, around half the value obtained in the
angular momentum trajectories involving a c quark - 0.9− 1.1.
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Figure 20: Left: χ2 as a function of α′ and mb for the Υ radial trajectory. The discontinuity in the plot
arises from the condition that the intercept a ≤ 1, otherwise the mass of the ground state is undefined.
The two areas in the plot are then where a is still allowed to change (left) and where a is blocked from
increasing further and is fixed at a = 1 (oval shape on the right). Right: χ2 as a function of mb for the
χb trajectory.
It is also considerably lower than the slopes obtained in the (n,M2) trajectories of the light quark
mesons, which would make it difficult to repeat the achievement of having a fit with a universal slope
in the (n,M2) plane like the one we had in the (J,M2) plane.
bb¯ mesons There are two trajectories we use for the bb¯ mesons.
The first is that of the Υ meson, with six states in total, all with JPC = 1−−. For this trajectory
we have an excellent fit with mb = 4730 MeV and the slope α
′ = 0.46 GeV−2. It is notable for having
a relatively large number of states and still pointing clearly to a single value for the mass.
The second bb¯ trajectory is that of the χb - J
PC = 1++. Here we have only three states and the
best fit has a slightly higher mass for the b quark - mb = 4800 MeV - and a higher value for the slope
α′ = 0.50 GeV−2. Plots for χ2 as a function of the b mass are shown in figure 20.
6.3 Review of baryon trajectory fits
This section offers a discussion of the fit results for the baryon Regge trajectories.
As the baryons are more complex objects than mesons, there are some issues we need to clarify
before turning to the results of the fits.
We start by briefly discussing the results using the Y-shaped string model for the baryon, and the
effects of including a massive baryonic vertex at the center of mass, via the replacement M →M−mbv.
The results prove to be against these options, so the rest of the section discusses the results when using
the quark-diquark model for the baryons. This means we describe the baryons simply as a single string
with two masses at its endpoints.
The slope tells us that there is a quark on one end of the string and a diquark on the other. The
masses can tell us more on the structure of the baryon, for example it can say something about the
composition of the diquark. However, as we explain later, the data used in the Regge trajectory fits is
not enough to provide us that information.
One final note we make before the fit results is on the “even-odd” effect exhibited by the light
baryons: the trajectories of light baryons are split into two parallel trajectories, one for states with even
46
orbital angular momentum (or even parity), and another for the odd states.
We separate the results into three sections, one for the light quark baryons, the next for strange
baryons, and the third for charmed baryons. In the light baryon section we also examine the radial
trajectories of the N and ∆ baryons. The rest of the sections have trajectories only in the angular
momentum plane (J,M2).
6.3.1 Y-shape and central mass
The Y-shaped string model is equivalent in terms of the Regge trajectories to a single string model
with a higher effective string tension. In the picture we have before adding endpoint masses, we may
assume (as a phenomenological model) linear trajectories for both the meson and baryon trajectories,
with different slopes, α′m and α′ b respectively. Now, the assumption that the baryons are Y-shaped
strings while the mesons are straight single strings, and that there is a single universal string tension,
would lead us to expect the relation
α′ b =
2
3
α′m (140)
between the baryon and meson Regge slopes. When we fit the data we see no such relation. What we
see in our results is that in fact, the meson and baryon slopes are very similar - α′b ≈ α′ m - supporting
the same single string model for the baryons that was used for the mesons. This also excludes the
triangle-shaped closed string baryon, which we have not analyzed in detail but predicts an effective
slope α′ b of between 38α
′
m and
1
2
α′m, depending on the type of solution [66].
Our addition of endpoint masses does not change this picture, as we would still need to see a similar
relation between the baryon and meson slopes, with the baryon slope being consistently lower.
As for the baryonic vertex mass, the assumption that there is a central mass that contributes to the
total mass of a state but not to the angular momentum was also found to be unsupported by the data.
This does not rule out the presence of a mass due to a holographic baryonic vertex, but means it is
either very small or located at the string endpoint, near the diquark, and not at its center.
With these results in mind, we continue to present our fits using only the single string model with
two masses at its endpoints, which is the same fitting model as the model used for the mesons.
6.3.2 Symmetric vs. imbalanced string
Now we turn to the different mass configurations in the single string model. As mentioned in the last
subsection, there is no evidence to support any substantial mass located at the center of the string. To
understand the structure of the baryon we would like to be able to tell how the mass is distributed
between the two endpoints, but this is information we cannot gather from the Regge trajectory fits
alone. In the low mass approximation for the single string, the leading order correction is proportional
to α′ (m3/21 + m
3/2
2 )
√
E. Therefore, for small masses we cannot distinguish from the Regge trajectory
fits alone between different configurations with equal m
3/2
1 + m
3/2
2 . There are higher order corrections,
but our fits are not sensitive to them, and in practice, we see that fits with m
3/2
1 + m
3/2
2 = Const. are
nearly equivalent even for masses of a few hundred MeV.
When expanding J in E for two heavy masses, the combination in the leading term would be
m1 +m2. In the mid range that cannot be described accurately by either expansion there is a transition
between the two different type of curves.In both cases the symmetric fit where m1 = m2 = m gives an
indication of the total mass we can add to the endpoints for a good fit of a given trajectory. The best
fitting masses are on a curve in the (m1,m2) plane. The choice m1 = m2 maximizes the total mass
m1 +m2, whether the masses are light or heavy.
It should also be noted that for the trajectories we analyze we either have fits with low masses,
where the m3/2 approximation is valid, or trajectories with only 3 data points where we would by
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default expect the optimum to be located on a curve in the (m1,m2) plane, seeing how there are four
fitting parameters in total.
While the presentation in the following sections of the results is for the symmetric fit, this does not
mean that we have found it is actually preferred by the data. The symmetric fit tells us whether there
is a preference for non-zero endpoint masses or not, and allows us to obtain the values of the slope for
a given total endpoints mass.
6.3.3 Splitting between trajectories of even and odd angular momentum
One of the interesting features of the baryon Regge trajectories is the splitting of the trajectories of even
and odd orbital angular momentum states, which is seen in the trajectories of the light baryons, N and
∆. The states with even and odd orbital angular momentum do not lie on one single trajectory, but on
two parallel linear trajectories, the odd L states being higher in mass and lying above the trajectory
formed by the even states. The plot in figure 21 shows this effect for the (J,M2) trajectory of the N .
The same effect is stronger for the ∆ trajectory.
For the strange Λ baryon we do not see this effect. We assume that this effect is only manifest in
the trajectories of the N and ∆, and is similarly suppressed for all subsequent trajectories of heavier
baryons, which do not have enough data points to confirm this assumption directly.
In our analysis, we fit the even and odd trajectories together, with the same endpoint masses and
slope, and allow the intercept to carry the difference between the even and odd states.
6.3.4 Summary of results
Traj. N m α′ a
N 7 2m = 0− 170 0.944− 0.959 ae = (−0.32)− (−0.23) ao = (−0.75)− (−0.65)
N [a] 15 2m = 0− 425 0.815− 0.878 a1/2+ = (−0.22)− 0.07 a3/2− = (−0.36)− (−0.06)
∆ 7 2m = 0− 450 0.898− 0.969 ae = 0.14− 0.54 ao = (−0.84)− (−0.42)
∆[b] 3 2m = 0− 175 0.920− 0.936 a = 0.11− 0.21
Λ 5 2m = 0− 125 0.946− 0.955 a = (−0.68)− (−0.61)
Σ 3 2m = 1190 1.502 a = (−0.15)
Σ[c] 3 2m = 1255 1.459 a = 1.37
Ξ 3 2m = 1320 1.455 a = 0.50
Λc 3 2m = 2010 1.130 a = 0.09
Table 3: Summary table for the baryon fits. The ranges listed have χ2 within 10% of its optimal value.
N is the number of points in the trajectory. [a] is a fit to radial trajectories of the N . The fifteen states
used are four states with JP = 1/2+, three with 3/2−, and four pairs with other values of JP . [b] is the
radial trajectory of the ∆ (3/2+). [c] is a trajectory beginning with the state Σ(1385) 3/2+, as opposed
to the 1/2+ Σ ground state. The rest of the trajectories are all leading trajectories in the (J,M2) plane,
and do not exclude any states.
We present here the two summary tables: in table 3 we list the results of the general fits, where we
find the optimal slope and masses for each trajectory separately, while in table 4 are the results of fits
done with a fixed slope, α′ = 0.95 GeV−2.
As explained in previous sections, we assume the model of a single string connecting two endpoint
masses (a quark and a diquark). We present our results in terms of the total mass of the endpoints, as
we cannot determine the distribution of the mass between them from the Regge trajectory fits alone.
Our massive fits for the baryons are not always consistent. For the light quark trajectories, of the
N and the ∆, we have seen there is no evidence for a string endpoint mass of the light quarks. These
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Traj. N m a
N 7 2m = 0− 180 ae = (−0.33)− (−0.22) ao = (−0.77)− (−0.65)
∆ 7 2m = 300− 530 ae = 0.31− 0.66 ao = (−0.71)− (−0.26)
Λ 5 2m = 0− 10 a = (−0.68)− (−0.61)
Σ 3 2m = 530− 690 a = (−0.29)− (−0.04)
Σ* 3 2m = 435− 570 a = 0.15− 0.38
Ξ 3 2m = 750− 930 a = (−0.22)− 0.10
Λc 3 2m = 1760 a = (−0.36)
Ξc 2 2m = 2060 a = (−1.13)
Table 4: (J,M2) fits done with the slope fixed at α′ = 0.950 GeV−2. Fits with m1 = m2 generally
maximize m1 +m2. In this table we may also include a fit for two Ξc states. The ranges listed have χ
2
within 10% of its optimal value. N is the number of points in the trajectory.
states are best fitted by linear trajectories with a slope similar to that of the light mesons - around 0.95
GeV−2 for the N and 0.90 GeV−2 for the ∆. The (J,M2) trajectories also exhibit a splitting between
the trajectories of states with even and odd orbital angular momentum. In our fits we incorporate this
difference into the intercept.
For the strange baryon trajectories there is a significant discrepancy between the Λ, which is best
(and very well) fitted by a linear, massless, trajectory, and the Σ baryons which are optimally fitted with
a high total mass, of around 1200 MeV and an unusually high slope, 1.5 GeV−2. The fits when fixing
the slope at the value obtained from the lighter baryon fits give a total mass in the more reasonable
range (for the mass of an s quark) of 500 − 600 MeV. We have also looked into the doubly strange Ξ
baryon, where we have a similar picture. We can fix the slope of the Ξ to α′ = 0.95 GeV−2 and a total
mass of around 800 MeV. This choice is not only more consistent with the slopes obtained from the
lighter baryons, but also with the mass obtained for the s quark in the meson fits, ms ≈ 400 MeV.
The last results are those of the charmed baryons, the heaviest baryons for which we have a trajectory.
The charmed Λc is again best fitted by a high slope, 1.2GeV
−2 and a total mass of a little over 1800
MeV. Once more we can bring down the mass by fixing α′ at 0.95 GeV−2 and get 2m = 1760 MeV as
the best fit. For the charmed-strange Ξc trajectory, including only two data points and therefore fitted
only with the fixed slope of 0.95 GeV−2, we find a fit with 2m = 2060 MeV, a value consistent with the
presence of both charmed and strange quarks.
6.3.5 Light quark baryons
In the light baryon sector, we look at the N and ∆ resonances.
Trajectories in the (J,M2) plane One of the most interesting features of the baryon Regge trajec-
tories is the splitting of the trajectories of even and odd L states. The states with even and odd orbital
angular momentum do not lie on one single trajectory, but on two parallel linear trajectories, the odd
L states being higher in mass and lying above the trajectory formed by the even states. The plot in
figure 21 shows this effect for the (J,M2) trajectory of the N . In our analysis, we fit the even and odd
trajectories together, with the same endpoint masses and slope, and allow the intercept to carry the
difference between the even and odd states.
In this way, we get that the N trajectory is best fitted with a slope of around 0.95 GeV−2, and that
the linear fit is optimal. Only small masses, up to a total mass of 2m = 170 MeV, are allowed.8 Trying
a fit using only the four highest J states (two even and two odd), we achieve a weaker χ2 dependence
8Masses in what we call the “allowed” range give a value of χ2 that is within 10% of its optimal value for that specific
trajectory.
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Figure 21: The light baryon trajectory fits. Left: The N trajectory and fits, showing the even/odd
effect. Right: χ2 vs. (α′ , 2m) for the N . The χ2 plots are for fits to the (J,M2) trajectories, and use
only the even L states (results somewhat differ from those quoted for the fit to even and odd states
together). The darkest areas in the χ2 plots have χ2m/χ
2
l < 1, lightest areas are χ
2
m/χ
2
l < 1.1.
on the mass, and we can add a total mass of up to 640 MeV, with the slope being near 1 GeV−2 for
the highest masses.
The ∆ is also best fitted by the linear, massless, trajectory, but it allows for higher masses. The
maximum for it is 450 MeV. The slope, for a given mass, is lower than that of the N . It is between 0.9
GeV−2 for the linear fit, and 0.97 GeV−2 for the maximal massive fits.
As for the even-odd effect, we quantify it by looking at the difference between the intercept obtained
for the even L trajectory and the one obtained for the odd L trajectory. The magnitude of the even-odd
splitting is higher for the ∆ than it is for the N baryons. For the ∆, the difference in the intercept is
of almost one unit - ae− ao ≈ 1, while for the N it is less than half that: ae− ao ≈ 0.45. The difference
in M2 is obtained by dividing by α′ , so it is 0.5 GeV−2 for the N and 1.1 GeV2 for the ∆.
Trajectories in the (n,M2) plane The radial trajectories we analyze are also best fitted with small,
or even zero, endpoint masses.
For the ∆ we have three states with JP = 3/2+. The slope is between 0.92 and 0.94 GeV−2 and the
maximal allowed total mass is less than 200 MeV.
For the N we use a total of fifteen states: four with JP = 1/2+ (the neutron/proton and higher
resonances), three with 3/2−, and four pairs with other JP assignments. They are all fitted with the
same slope and mass. The results show a lower slope here, from 0.82 GeV−2 for the linear fit to 0.85
GeV−2 for the highest mass fit, this time with 2m = 425 MeV.
6.3.6 Strange baryons
In the strange section there are several trajectories we analyze.
The first is that of the Λ. There are five states in this trajectory, enough for us to see that the
even-odd effect is not present - or too weak to be noticeable. The linear fit, with α′ = 0.95 GeV−2,
is the optimal fit, and only small masses of the order of 60 MeV are allowed at each endpoint. Even
if one of the masses is zero, the mass at the other end could not exceed 100 MeV. This is a puzzling
result because the results of the meson fits, which will be compared in detail to the baryon fits in a
later section, point toward a mass of 200− 400 MeV for the s quark. We show the plot of χ2 in figure
22.
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Figure 22: The strange baryon trajectory fits. Left: χ2 vs. (α′ , 2m) for the Λ trajectory. Right: χ2
vs. (m1,m2) for the Ξ trajectory, for α
′ = 0.950. The red curve is m3/21 +m
3/2
2 = 2× (425)3/2.
On the other hand, the other strange baryon trajectories we examine point to very high masses,
with correspondingly high values of the slope. These are the results of the two trajectories of the Σ
baryon we examine. The first has three states with JP = 1/2+, 3/2−, and 5/2+. The second has the
parity reversed (for a given value of J): JP = 3/2+, 5/2−, and 7/2+.
Since there are only three states per trajectory we cannot determine from the data alone whether or
not there is an even-odd splitting effect present here (and this is the case with all following trajectories).
Assuming that there is no even-odd splitting, the best fits have 2m ≈ 1200 MeV and a slope of about
1.4− 1.5 GeV−2. Assuming splitting, we find in the case of the Σ that the linear fit connecting the two
even states has α′ ≈ 0.9 GeV−2.
A third option, is fixing the slope at a more reasonable low value - we chose α′ = 0.95 GeV−2 - and
redoing the massive fits (with the assumption that there is no splitting). The best fits then for the Σ
are at around 2m = 500 MeV, with the mass being somewhat higher in the trajectory beginning with
of the 1/2+ state. This is certainly the choice that is most consistent with previous results, as we can
distribute the total mass so there is a mass of ms ≈ 400 MeV at one end and up to 100 MeV at the
other. The cost in χ2 is fairly high: for the first trajectory χ2 is approximately 10−4 for the higher slope
and ten times larger for α′ = 0.95, while for the second χ2 is almost zero for the high slope fit9 and
about 5 × 10−4 for the fixed slope fit. In any case, the fits with α′ = 0.95 GeV−2 and with the added
masses have a better χ2 than the linear massless fits.
There is one more possible trajectory we examine, of the doubly strange Ξ baryon. The best fit
overall is again with α′ ≈ 1.5 GeV−2, and at a somewhat higher mass of 2m = 1320. Fixing the slope
at 0.95 GeV−2 results in 2m = 850 being optimal. This is again the best choice in terms of consistency
- the total mass is exactly in the range we would expect to see where there are two s quarks present.
In χ2, the fit with the high slope has χ2 ≈ 10−4 while the latter has χ2 ≈ 4× 10−4. We plot the masses
in the fixed slope fit in figure 22.
6.3.7 Charmed baryons
In the charmed baryon section we have only one trajectory we can use, comprised of three states, that
of the Λc baryon. The best fits are again at a relatively high slope, 1.1 GeV
−2, with the mass 2m = 2010
MeV. This fit’s χ2 tends to zero. The fit with the slope fixed at 0.95 GeV−2 takes the mass down to
9This is often the case with three point trajectories, where we may find a choice of the parameters for which the
trajectory passes through all three data points. This makes the error in the measurement hard to quantify.
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Figure 23: The two holographic setups for the Ξ− baryon, with different compositions of the diquarks.
The vertical segments of the strings contribute the measured endpoint masses.
2m = 1760 MeV with χ2 = 3× 10−5. The high slope fit is equivalent to a fit with m1 = 1720 MeV and
m2 = 90, while a the fit with m1 = 1400 and m2 = 90 is roughly equal to the latter fixed slope fit.
We can also do a fit using two Ξc states. These states are charmed and strange and are composed
of dsc (Ξ0c) or usc (Ξ
+
c ). Since we only have two states, we do only a fit with the fixed slope, α
′ = 0.95
GeV−2. The best massive fit then has 2m = 2060 MeV.
6.3.8 Structure of the baryon in the quark-diquark model
For the light baryons our analysis of the spectrum cannot offer much new insight regarding the different
baryons’ structure,10 in particular because we have no way to distinguish between the two light quarks,
given their small - possibly zero - masses, but also because we cannot in general make any comments
regarding the mass distribution within the different baryons (both light and heavy). In spite of this,
there is one interesting implication when interpreting our results in light of the underlying holographic
models and the way they map the diquarks into flat space-time.
In our analysis of the meson spectrum, we argued that the mass parameter relevant to the analysis
is the mass of the quark as a string endpoint, which generically was found to be between the usual QCD
and constituent masses attributed to the respective quark. For the diquark the identification between
string length and mass can have another implication, as illustrated in figure 23. If the relevant mass
parameter is the length of the vertical segment of the string connected to the flavor brane, and if the
two quarks forming the diquark and the baryonic vertex to which they are both connected all lie close
to each other on the flavor brane, then we would expect the mass of the diquark - in the holographic
picture, as a string endpoint - to be approximately equal to the mass of a single quark:
mqq ≈ mq (141)
10[55] offers a discussion of the composition of the light baryons in a model of a quark and diquark joined by a flux
tube. In the analysis of the spectrum done there, the light baryons are assigned different configurations of the diquark
based on the energetics of the ud diquarks.
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Figure 24: A doubly strange baryon with an ss diquark decaying into a doubly strange baryon and a
non-strange meson. First the string tears, and then the endpoints reconnect to the flavor brane, forming
a quark-anti-quark pair.
This is because we have only one contribution to the mass from the string connecting the lone quark
outside the diquark and the baryonic vertex. This is a prediction that can serve as a test of the
holographic interpretation of the string endpoint masses. Since we do not have an accurate figure for
the mass of the light u and d quarks, and since we lack data for charmed and heavier baryons, our best
avenue for verifying this experimentally is by examining the doubly strange Ξ baryon.
The two options for the Ξ quark are one where the diquark is composed of an s and a light quark,
and another where the diquark is composed of two s quarks. For the first option, our holographic
interpretation would lead us to expect there to be two masses at the endpoints approximately equal to
the s quark mass, leading to a total mass of 2m ≈ 2ms at the endpoints. In the second option, the
two s quarks in the diquark would contribute only once to the total mass we measure in the Regge
trajectory fits, so the result for the total mass 2m should be around, possibly a little higher than, the
mass of a single s quark.
The result from the fixed slope fit of the Ξ trajectory, 2m = 750− 930 MeV, is consistent, from the
holographic point of view, with a ds or us diquark, as opposed to ss. This is because we expect the
mass of the s to be somewhere near 400 MeV. Of course, from a purely flat space-time perspective, an
ss diquark with a mass of roughly 2ms is not excluded.
If we look at the decay modes of the states used in the Ξ fits we might learn something about their
structure [67]. We look at a baryon’s strong decays into a baryon and a meson, and our assumption is
that in these decays the diquark and baryonic vertex go into the outgoing baryon while the third lone
quark ends up in the meson. An illustration of this type of decay is in figure 24.
The lightest doubly strange state does not have the phase space for strong decays. If we look at the
two next states in the trajectory, the Ξ(1820) and the Ξ(2030), we see that they decay mainly into ΛK
or ΣK. The fact that they decay into a strange meson and strange baryon is against the ss diquark
configuration. The leading modes of decay should leave the diquark intact, so if the diquark were ss
the leading mode of decay would be Ξpi (as it is for some of the other observed doubly strange baryons,
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for which we do not have a trajectory).
For the baryons with a single strange quark, the Λ and the Σ, we have seen an odd discrepancy
between the obtained mass values. The mass in the Λ baryon was less than 100 MeV, while in the
Σ we have seen masses of above 400 MeV. We cannot explain this discrepancy in terms of different
configurations of the diquarks, as we expect the s to contribute to the mass whether it is in the diquark
or not. The decay modes do not give a straightforward answer regarding the compositions of the Λ
and Σ, as the states decay both to NK and Σpi/Λpi. We do not see a systematic preference for decays
where the s remains in the baryon (implying it is near the baryonic vertex in the diquark) or vice versa
in either of the trajectories.
For the charmed-strange Ξc we see a mass compatible compatible with m1 + m2 = ms + mc. This
implies to us that the possibility of a cs diquark is excluded, since we see both quarks’ masses (from
the holographic point of view we expect the diquark mass to be mcs ≈ mc). Unfortunately we cannot
test this based on the decay modes. If we look at the decays of the Ξc baryons, we find that the Ξ
0
c/Ξ
−
c
does not have the phase space to decay strongly, and the next state we take in the trajectory, Ξc(2815),
is also too light to provide information that would be useful to us. The Ξc(2815) cannot decay to a
charmed meson and a strange baryon (which is the decay mode we will naively expect if the Ξc is a
us/ds diquark joined to a c quark), simply because the lightest of these, D±/D0 and Λ respectively, are
still heavy enough so that the sum of their masses exceeds the mass of the Ξc(2815).
For the charmed Λc baryon, with one c and two light u/d quarks, we have no prediction based on
the masses, because in any case we expect to see a total mass of approximately mc = 1500 MeV. The
first state in the trajectory heavy enough to decay into a charmed meson and a baryon, the Λc(2800)
+,
was observed to decay both to pD0 and Σcpi, but there is no quantitative data to indicate which of
these modes (if any) is dominant.
6.4 Strings and the search for glueballs
6.4.1 The glueball candidates: The f0 and f2 resonances
The search for the glueballs is centered on the lightest states, the scalar ground state of JPC = 0++,
and the lightest tensor of 2++. There is an abundance of isoscalar states with the quantum numbers
JPC = 0++ (the f0 resonances) or J
PC = 2++ (f2). The Particle Data Group’s (PDG) latest Review of
Particle Physics [68], which we we use as the source of experimental data throughout this section, lists
9 f0 states and 12 f2 states, with an additional 3 f0’s and 5 f2’s listed as unconfirmed “further states”.
These are all listed in table 5. In the following we make a naive attempt to organize the known f0 and
f2 states into trajectories, first in the plane of orbital excitations (J,M
2), then in the radial excitations
plane (n,M2).
The states classified as “further states” are generally not used unless the prove to be necessary
to complete the trajectories formed by the other states. The “further states” will be denoted with an
asterisk below.11 For a more complete picture regarding the spectrum and specifically the interpretation
of the different resonances as glueballs, the reader is referred to the relevant reviews [69, 70, 71, 72] and
citations therein.
6.4.2 Assignment of the f0 into trajectories
In a given assignment, we generally attempt to include all the f0 states listed in table 5, sorting them
into meson and, if possible, glueball trajectories.
11Note that the asterisk is not standard notation nor a part of the PDG given name of a state, we only use it to make
clear the status of given states throughout the text.
54
State Decay modes State Decay modes
f0(500)/σ pipi dominant f2(1270) pipi [85%], 4pi [10%], KK, ηη, γγ
f0(980) pipi dominant, KK seen f2(1430) KK, pipi
f0(1370) pipi, 4pi, ηη, KK f
′
2(1525) KK [89%], ηη [10%], γγ [seen]
f0(1500) pipi [35%], 4pi [50%], f2(1565) pipi, ρρ, 4pi, ηη
ηη/ηη′ [7%], KK [9%]
f0(1710) KK, ηη, pipi f2(1640) ωω, 4pi, KK
f0(2020) ρpipi, pipi, ρρ, ωω, ηη f2(1810) pipi, ηη, 4pi, KK, γγ [seen]
f0(2100) f2(1910) pipi, KK, ηη, ωω
f0(2200) f2(1950) K
∗K∗, pipi, 4pi, ηη, KK, γγ, pp
f0(2330) f2(2010) KK, φφ
*f0(1200–1600) f2(2150) pipi, ηη, KK, f2(1270)η, a2pi, pp
*f0(1800) fJ(2220) pipi, KK, pp, ηη
′
*f0(2060) f2(2300) φφ, KK, γγ [seen]
f2(2340) φφ, ηη
*f2(1750) KK, γγ, pipi, ηη
*f2(2000)
*f2(2140)
*f2(2240)
*f2(2295)
Table 5: All the f0 and f2 states, with their observed decay modes, as listed by the PDG. The states
marked by an asterisk are classified as “further states”, i.e. in need of further experimental confirmation.
We make an exception of the f0(500)/σ resonance, which we do not use in any of the following
sections. Its very large width (400–700 MeV) and low mass are enough to make it stand out among the
other f0 states listed in the table. We find that it does not belong on a meson Regge trajectory, nor
does it particularly suggest itself as a glueball candidate.12 Therefore, we simply “ignore” the f0(500)
in the following sections.
Assignment of all states as mesons Sorting the f0 states into trajectories with a meson-like slope
leads to an assignment of the f0’s into two groups of four:
Light : 980, 1500, 2020, 2200,
ss¯ : 1370, 1710, 2100, 2330.
While this simple assignment includes all the confirmed f0 states (except the f0(500)) on two parallel
trajectories, it remains unsatisfactory. If there are no glueballs we expect the states in the lower
trajectory to be (predominantly) composed of light quarks, while the higher states should be ss¯. This
does not match what we know about the decay modes of the different states. For example, the f0(1370)
does not decay nearly as often to KK¯ as one would expect from an ss¯ state. In fact, this assignment of
the f0’s into meson trajectories was proposed in some other works [74, 75, 76], and the mismatch with
the decay modes was already addressed in greater detail in [77]. This suggests that the simple picture
where all resonances belong on linear trajectories is wrong.
In the following assignments we pick and single out a state as the glueball ground state and try to
build the meson trajectories without it.
12The authors of [73] state that the interpretation of the f0(500)/σ as a glueball is “strongly disfavored”, from what
they consider a model independent viewpoint. We found no references that suggest the opposite.
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Figure 25: Two examples of an assignment with glueball trajectories. In the left plot f0(980) is the
glueball ground state (green), f0(1370) is the light quark meson (blue), and f0(1505) is ss¯ (red). On
the right we have f0(1505) as glueball, f0(1370) as light meson, and f0(1710) as ss¯.
Assignment with the f0(980) as glueball: First is the the f0(980). Assuming it is the glueball
then the f0(2330) is at the right mass to be its first excited (n = 2) partner. However, we find that the
two meson trajectories given this assignment,
Light : 1370, 1710, 2100,
ss¯: 1500, 2020,
also predict a state very near the mass of the f0(2330), and according to this assignment, there should
be two more f0 states near the f0(2330), for a total of three. The f0(2200) has to be excluded.
We again have to put some states on trajectories that are not quite right for them: the f0(1710) has
a significant branching ratio for its decay into KK, while the f0(1500), which is taken as the head of
the ss¯ trajectory, decays to KK less than 10% of the time.
Note that the assignment above is the same as the one we would make if we excluded the f0(980) on
the grounds of it being an exotic (but non-glueball) state and assumed all the other states are mesons.
The f0(980) is commonly believed to be a multiquark state or a KK¯ bound state,
13 and in fact, we
will find in following sections that even it is not a glueball, it is better to exclude it from the meson
trajectories.
Assignment with f0(1370) as glueball From here onwards the states singled out as glueballs are
too high in mass for their excited states to be in the range of the measured f0 states listed in table 5,
that is beneath 2.4 GeV.
Excluding the f0(1370), we have:
Light : [980], 1500, ∗1800, 2100, 2330
ss¯: 1710, 2200.
The f0(980) is put here in brackets to emphasize that it is optional. Including or excluding it can affect
some of the fitting parameters but the trajectory is certainly not incomplete if we treat f0(980) as a
non-meson resonance and take f0(1500) as the head of the trajectory.
13See the PDG’s “Note on scalar mesons below 2 GeV” (in [68]) and references therein.
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The main issue here is that we have to use the state ∗f0(1800) to fill in a hole in the meson trajectory,
a state that is still considered unconfirmed by the PDG and whose nature is not entirely known. Its
observers at BESIII [78] suggest it is an exotic state - a tetraquark, a hybrid, or itself a glueball. More
experimental data is needed here.
Other than that we have f0(2100) as a light meson and f0(2200) as ss¯. This is the option that is
more consistent with the decays, as f0(2200) is the one state of the two which is known to decay into
KK (we again refer to the comments in [77] and references therein). However, in terms of the fit, we
might do better to exchange them. It is possible that their proximity to each other affects their masses
in such a way that our simple model does not predict, and this affects badly the goodness of our fit.
Assignment with f0(1500) as glueball Taking the f0(1500) to be the glueball, then the light meson
trajectory will start with f0(1370), giving:
Light : 1370, ∗1800, 2020, 2330,
ss¯: 1710, 2100.
With f0(1500) identified as the glueball, this assignment includes all the states except f0(2200). We
could also use f0(2200) as the ss¯ state and leave out f0(2100) instead.
There is no glaring inconsistency in this assignment with the decay modes, but we are again con-
fronted with the state ∗f0(1800), which we need to complete the light meson trajectory. The f0(2020)
is wider than other states in its trajectory. In particular, it is much wider than the following and last
state in the trajectory, f0(2330). We can assign the f0(2330) to the ss¯ trajectory instead, but there
is no other argument for that state being ss¯, considering it was observed only in its decays to pipi
and ηη. Perhaps the fact that f0(1370) and f0(2020) are both quite wide means that there should be
two additional states, with masses comparable to those of ∗f0(1800) and f0(2330), that are also wide
themselves, and those states will better complete this assignment.
Assignment with f0(1710) as glueball Excluding the f0(1710) from the meson trajectories we can
make an assignment that includes all states except the f0(500) and f0(980):
Light : 1370, ∗1800, 2100, 2330
ss¯: 1500, 2020, 2200
Glue : 1710
The disadvantage here is that we again have to use f0(1500) as the head of the ss¯ trajectory despite
knowing that its main decay modes are to 4pi and pipi, as well as the fact the we - once again - need the
∗f0(1800) resonance to fill in a hole for n = 1 in the resulting light meson trajectory.
Conclusions from the f0 fits It is not hard to see that the f0 resonances listed in the PDG’s Review
of Particle Physics all fit in quite neatly on two parallel trajectories with a slope similar to that of other
mesons. However, upon closer inspection, these trajectories - one for light quark mesons and one for
ss¯ - are not consistent with experimental data, as detailed above. For us the naive assignment is also
inconsistent with what we have observed for the other ss¯ trajectories when fitting the mesons, namely
that the ss¯ trajectories are not purely linear, and have to be corrected by adding a string endpoint mass
for the s quark of at least 200 MeV.
The other novelty that we hoped to introduce, the half slope trajectories of the glueball, proved to
be impractical - given the current experimental data which only goes up to less than 2.4 GeV for the
relevant resonances.
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There is no one assignment that seems the correct one, although the two assignments singling
out either f0(1370) or f0(1500) as the glueball ground states seem more consistent than the other
possibilities. The best way to determine which is better is, as always, by finding more experimental
data. We list our predictions for higher resonances based on these assignments in table 6.
Ground state Next state mass Next state width
f0(980) 2385±70 405±175
f0(1370) 2555±110 1255±615
f0(1500) 2640±80 335±30
f0(1710) 2770±85 350±30
Table 6: Predictions for the first excited glueball based on half slope Regge trajectories. The mass
could correspond to either the 0++ excited state with n = 2, or to the first orbital excitation, a 2++
state with n = 0. The width is calculated based on Γ ∝ L2 ∝ M2 (the closed string has to tear twice,
with the probability for each tear proportional to the string length). The errors take into account both
the uncertainty in the experimental masses and widths, and the uncertainty in the slope.
6.4.3 Assignment of the f2 into trajectories
We now turn to the f2 tensor resonances. We will first examine trajectories in the (J,M
2) plane, then
move on to the attempt to assign all the f2 states to trajectories in the (n,M
2) plane.
Trajectories in the (J,M2) plane The only way to get a linear trajectory connecting a 0++ and a
2++ state with the slope α′ gb = 12α
′
meson is to take the lightest f0 glueball candidate and the heaviest
known f2. Then we have the pair f0(980) and f2(2340), and the straight line between them has a slope
of 0.45 GeV−2. There is no J = 1 resonance near the line stretched between them. However, this
example mostly serves to demonstrate once again the difficulty of forming the glueball trajectories in
practice.
It is a more sound strategy to look again for the meson trajectories, see what states are excepted
from them, and check for overall consistency of the results. In forming the meson trajectories, we know
that we can expect the ω mesons with JPC = 1−− to be part of the trajectories, in addition to some
states at higher spin (3−−, 4++, . . .), which will allow us to form trajectories with more points.
We can several meson trajectories in the (J,M2) plane of at least three states, illustrated in figure
26. The f2 states classified in this assignment as mesons are f2(1270), f
′
2(1525), f2(1810), f2(1950), and
f2(2010). These can perhaps be partnered to existing f0 states as members of triplets of states with
J = 0, 1, 2 and PC = ++ split by spin-orbit interactions. We do not know the exact magnitude of the
splitting. There are some f0 states close (within 20–100 MeV) to the f2 states mentioned above, and
the PDG lists some f1 (1
++) resonances that may be useful, but we do not find any such trio of states
with similar properties and masses that could be said to belong to such a spin-orbit triplet. Therefore,
we limit our conclusions from these Regge trajectories to the f2 which we found we could directly place
on them.
Trajectories in the (n,M2) plane Sorting the f2 resonances into trajectories, the situation is some-
what simpler than with the f0 scalars, as here we have two states that belong on meson trajectories in
the (J,M2) plane, as we found in previous sections. In particular, the f2(1270) belongs to the trajectory
of the ω meson, and the f ′2(1525) is an ss¯ and sits on the φ trajectory. Their decay modes and other
properties are also well known and there is no real doubt about their nature.
The linear trajectory beginning with the f2(1270) meson includes the states f2(1640)and f2(1950).
We can include one of the further states ∗f2(2240) as the fourth point in the trajectory. We can also
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Figure 26: Left: The trajectory of the ω (blue) and φ (red) mesons in the (J,M2) plane and their
daughter trajectories. The fits have the common slope α′ = 0.903 GeV−2, and the ss¯ trajectories are
fitted using a mass of ms = 250 MeV for the s quark. The states forming the trajectories are as follows:
With JPC = 1−−, ω(782), φ(1020), ω(1420), ω(1650), φ(1680). With JPC = 2++, f2(1270), f ′2(1525),
f2(1810), f2(1950), and f2(2010). With J
PC = 3−−, ω3(1670), φ3(1850), ∗ω3(2255), and ω3(2285). And
with JPC = 4++, f4(2050) and f4(2300). We also plot at J
PC = 0++ the f0(980) and f0(1370) which
are found to lie near the trajectories fitted, but were not included themselves in the fits, as they are not
theoretically expected to belong to them. Right: Some radial trajectories of the f2, with blue lines for
light mesons and red for ss¯. The fits have the common slope α′ = 0.846 GeV−2, and the ss¯ trajectories
are fitted using a mass of ms = 400 MeV for the s quark. The states forming the trajectories are as
follows: The first light meson trajectory with f2(1270), f2(1640), and f2(1950), and followed by the
unconfirmed state ∗f2(2240) which was not used in the fit. The ss¯ trajectory with f ′2(1525), f2(2010),
and f2(2300). And the second light meson trajectory with f2(1810) and f2(2150).
use the fJ(2220) in place of the ∗f2(2240), but it seems an unnatural choice because of the widths of
the states involved (the fJ(2220) is much narrower than the others with Γ = 23± 8MeV ).
The projected trajectory of the f ′2(1525), using the same slope as the f2(1270) trajectory and adding
mass corrections for the s quark, includes the f2(2010) and the f2(2300).
This leaves out the states f2(1430), f2(1565), f2(1810), f2(1910), fJ(2220), and f2(2340), as well as
the five resonances classified as further states.
The next state we look at is f2(1810), classified as a light meson in the (J,M
2) fits of the previous
section. It can be used as the head of another light meson trajectory, and the state that would follow
it then is f2(2150). The next state could be f2(2340), except that it has been observed to decay to φφ,
making it very unlikely to be a light quark meson.
The state f2(1430) is intriguing, in part because of the very small width reported by most (but
not all) experiments cited in the PDG, but also because it is located in mass between the two lightest
mesons of JPC = 2++, that is between f2(1270) (light) and f
′
2(1525) (ss¯). If we had to assign the
f2(1430) to a Regge trajectory, then it is best placed preceding the f2(1810) and f2(2150) in the linear
meson trajectory discussed in the last paragraph.
The fJ(2200), previously known as ξ(2230), is also a narrow state. It has been considered a candidate
for the tensor glueball [79, 71]. It can be assigned to a linear meson trajectory, as already discussed,
but it is clear already from its narrow width that it is not the best choice.
The f2(1565) is also left out, but it could be paired with f2(1910) to form another linear meson
trajectory. To continue we need another state with a mass of around 2200 MeV.
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To summarize, we may organize the f2 resonances by picking first the resonances for the trajectories
of the two known mesons,
Light : 1270, 1640, 1950
ss¯: 1525, 2010, 2300
then find the trajectories starting with the lightest states not yet included. This gives us another meson
trajectory using the states
Light : 1810, 2150
The trajectories formed by these eight states are drawn in figure 26.
To summarize, there are some simplifications in assigning the f2 to radial trajectories compared to
assigning the f0 resonances. The reason is that we can look at both orbital and radial trajectories and
it is easier to classify some states as mesons. The radial trajectories are consistent with the orbital
trajectories: states classified as mesons in the latter are also classified as mesons in the former, and
with the same quark contents.
The most interesting states after that remain the f2(1430) and fJ(2220). While the latter has been
considered a candidate for the glueball and has been the object of some research (see papers citing [79]),
the former is rarely addressed, despite its curious placement in the spectrum between the lightest 2++
light and ss¯ mesons. It seems a worthwhile experimental question to clarify its status - and its quantum
numbers, as the most recent observation [80] can not confirm whether it is a 0++ or 2++ state, a fact
which led to at least one suggestion [81] that the f2(1430) could be itself the scalar glueball.
6.4.4 Assignments with non-linear trajectories for the glueball
In this section we would like check the applicability of a glueball trajectory of the form
J = α′ gbE2 − 2α′ gbm0E + a , (142)
which is the general form we expect from a semi-classical calculation of the corrections to the trajectory
in a curved background, and as put forward in section 6.4.4. The novelty here is a term linear in
the mass E, which makes the Regge trajectory α(t) non-linear in t = E2. The constant m0 can be
either negative or positive, depending on the specific holographic background, and a priori we have to
examine both possibilities. It was also noted in section that there may be a correction to the slope, but
we assume it is small compared to the uncertainty in the phenomenological value of the Regge slope,
and we use
α′ gb =
1
2
α′ (143)
throughout this section. We also substitute J → J+n as usual to apply the formula to radial trajectories.
With the m0 term we can write
∂J
∂E2
=
α′
2
(
1− m0
E
)
. (144)
We can look at this as an effective slope, and it is the easiest way to see that when m0 is negative, the
effective slope is higher than that of the linear trajectory, and vice versa.
Fits using the holographic formula Using the simple linear formula we could not, in most cases,
find glueball trajectories among the observed f0 and f2 states. This is because the first excited state is
expected to be too high in mass and outside the range of the states measured in experiment.
Adding an appropriate m0 term can modify this behavior enough for us to find some pairs of states
on what we would then call glueball trajectories, and by appropriate we mean a negative value that
will make the effective slope of eq. 144 higher. The problem is then that we have only pairs of states,
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Ground state Excited state α′ [GeV−2] m0 [GeV] a
f0(980) f0(2200) 0.79 -0.52 -0.78
f0(1370) f0(2020) 0.87 -2.00 -3.21
f0(1500) f0(2200) 0.87 -1.51 -2.97
f2(1430) fJ(2220) 0.81 -1.33 -2.42
Table 7: Values obtained for the parameters m0 and a for some of the possible pairs of states on
glueball trajectories. The states selected as the excited state of the glueball are those not included in
the meson trajectories of the assignments of sections 6.4.2 and 6.4.3, and the slopes are selected based
on the results of the meson fits presented in the same sections.
with two fitting parameters: m0 and a (and α
′ which is fixed by the meson trajectory fits). We form
these pairs by picking a state left out from the meson trajectories proposed in sections 6.4.2 and 6.4.3
and assigning it as the excited partner of the appropriate glueball candidate.
There is a solution for m0 and a for any pair of states which we can take, and the question then
becomes whether there is a reason to prefer some values of the two parameters over others. We list
some other values obtained for m0 and a in table 7.
Using the holographic formula with a constrained intercept [59] implies that a universal form
of the first semi-classical correction of the Regge trajectory of the rotating folded string is
J + n =
1
2
α′ (E −m0)2 , (145)
up to further (model dependent) modifications of the slope, which in the cases calculated are small. In
other words, the intercept obtained then from the semi-classical calculation is
a =
1
2
α′ m20 . (146)
The intercept is always positive in this scenario. If we want to include the ground state with
J = n = 0 the only way to do it is to take a positive m0, specifically we should take m0 = Mgs, where
Mgs is the mass of the ground state. There is no problem with the resulting expression theoretically, but
it is not very useful in analyzing the observed spectrum. The trouble is that when using this expression
the energy rises much too fast with J and we end up very quickly with masses outside the range of the
glueball candidates. If we take, for instance, f0(980) as the ground state then the first excited state is
expected to have a mass of around 2500 MeV, and the heavier candidates naturally predict even heavier
masses for the excited states.
Another way to use eq. 142 is to begin the trajectory with a J = 2 state. Then m0 can be either
positive or negative. We can then proceed as usual: we pick the head of a trajectory and see if there are
any matches for its predicted excited states. We can see, for example, that we can again pair f2(1430)
with fJ(2220). Constraining α
′ to be 0.90 GeV−2, the best fit has m0 = −0.72 GeV, and the masses
calculated are 1390 and 2260 MeV for the experimental values of 1453± 4 and 2231± 4 MeV.
6.4.5 Glueball Regge trajectories in lattice QCD
The glueball spectrum has been studied extensively in lattice QCD. Some works have compared results
with different stringy models, e.g. [82, 83, 84, 85]. However, the question whether or not the glueballs
form linear Regge trajectories is not often addressed, due to the difficulty involved in computing highly
excited states. When linear Regge trajectories are discussed, it is often when trying to identify the
glueball with the pomeron and searching for states along the given pomeron trajectory,
α(t) = α′ pt+ 1 +  (147)
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where the slope and the intercept are known from experiment to be α′ p = 0.25 GeV−2 and 1 +  ≈ 1.08
[86].
The most extensive study of glueball Regge trajectories is that of Meyer and Teper [45, 46], where
a relatively large number of higher mass states is computed, including both high spin states and some
highly excited states at low spin. We present here fits to some trajectories with more than two states,
based on the results in [46].
Results in lattice computations are for the dimensionless ratio between the mass of a state and
the square root of the string tension: M/
√
T . To get the masses M in MeV one has to fix the scale
by setting the value of T . This introduces an additional uncertainty in the obtained values. For the
purpose of identifying Regge trajectories we can work directly with dimensionless quantities, avoiding
this extra error. For the following, our fitting model will be
M2
T
=
2pi
η
(N + a) (148)
In this notation the ratio η, which is the primary fitting parameter (in addition to the intercept a), is
expected to be 1 for open strings and 1/2 for closed strings. It is referred to below as the “relative
slope”. N will be either the spin J or the radial excitation number n.
Trajectories in the (J,M2) plane: As mentioned above, [46] has the most high spin states. The
analysis there observes that the first 2++and 4++ states can be connected by a line with the relative
slope
η = 0.28± 0.02, (149)
which, when taking a typical value of the string tension
√
T = 430 MeV (α′ = 0.84 GeV−2), gives a
slope virtually identical to that expected for the pomeron, 0.25 GeV−2. This trajectory can be continued
with the calculated 6++ state. A fit to the three state trajectory gives the result
η = 0.29± 0.15. (150)
This trajectory leaves out the 0++ ground state. In [46] the lowest 0++ is paired with the second,
excited, 2++ state, giving a trajectory with
η = 0.40± 0.04. (151)
A possibility not explored in [46] is that of continuing this trajectory, of the first 0++ and the excited
2++, and with the 4++ and 6++ states following. Then we have the result
q = 0.43± 0.03 (152)
This second option not only includes more points, it is also a better fit in terms of χ2 per degrees of
freedom (0.37 instead of 1.24). The lowest 2++ state is then left out of a trajectory. There is also a
J = 3 state in the PC = ++ sector that lies very close to the trajectory of the 0++ ground state. In
the closed string model the J = 3 state is not expected to belong to the trajectory, so that state is also
left out of the fit. The trajectories of the PC = ++ states are in the left side of figure 27.
Trajectories in the (n,M2) plane: In trajectories in the (n,M2) plane we assume n takes only even
values, i.e. n = 0, 2, 4, . . ., as it does for the closed string. The results when taking n = 0, 1, 2, . . . will
be half those listed.
We again take the results from [46], as it offers calculations of several excited states with the same
JPC . Most notably we see there four states listed with JPC = 0++. We observe that those points are
well fitted by a trajectory with the slope
q = 0.50± 0.07, (153)
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Figure 27: The trajectories of the PC = ++ glueball states found in lattice calculations in [46]. Left:
Trajectories in the (J,M2) plane. The full line is the fit to a proposed trajectory using four states with
J = 0, 2, 4, 6, where the relative slope is 0.43 and the lightest tensor is excluded (χ2 = 0.37). The dotted
line is the leading trajectory proposed in the analysis in [46], with a pomeron-like slope. It includes the
J = 2, 4, and 6 states. (χ2 = 1.24). In this second option the scalar is excluded. Also plotted is the 3++
state, which was not used in the fit. Right: trajectory of four states with JPC = 0++. The relative
slope is exactly 0.50 (χ2 = 1.48).
JPC 0++ 2++ 4++ 0−+ 2−+
Meyer [46] 0.50±0.07 0.67±0.10 0.30±0.06 0.39±0.07 0.56±0.13
M&P [87] 0.51±0.12 - - 0.32±0.02 0.38±0.03
Table 8: Relative slopes q of trajectories in the (n,M2) plane. The first result (Meyer/0++) is that
of a fit to the four point trajectory drawn in 27. The other results are obtained when calculating the
slopes between pairs of states, where the lowest state is assumed to have n = 0, and the next calculated
state is taken to be the first excited state with n = 2.
where χ2 = 1.48 for the fit. It is interesting to compare this with the trajectory that can be drawn from
the 0++ ground state in the (J,M2) plane. The (n,M2) trajectory with n = 0, 2, 4, 6 is very similar to
the trajectory beginning with the same state and continuing to J = 2, 4, and 6. This is what we see also
for mesons and baryons in experiment: two analogous trajectories with similar slopes in the different
planes.
Other than the trajectory of the four 0++ states (plotted in figure 27), we list the slopes calculated
for pairs of states who share other quantum numbers. We also include there some results based on
different lattice calculations. This is in table 8.
7 Summary and future directions
The model of holography inspired stringy hadrons (HISH) is still in its infant stage. The story is two
folded. One side is the development of a fully consistent quantum theory from which one should be
able to extract the spectra, decay and scattering processes and on the other side is the phenomenology
of comparing the theoretical predictions to the actual data and to feedback from the data to the model.
In the first part of the review we described the string configurations of certain holographic models
that correspond to hadrons and we sketched the derivation of the HISH model. In the second part we
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confronted the PDG hadronic spectrum with the model. A significant part of the spectra does fit nicely
the model but there are also exceptional cases.
Not surprisingly there are still quite a lot of open questions and correspondingly directions for future
investigation. Here we describe only few of them:
• Our model does not incorporate spin degrees of freedom. It is well known that the spin and the
spin-orbit interaction play an important role in the spectra of mesons. Thus the simple rotating
string models that we are using have to be improved by introducing spin degrees of freedom to
the endpoints. One way to achieve it is by replacing the spinless relativistic particle with one
that carries spin or in the holographic framework associating spin to the vertical segments of the
holographic string.
• Our model assumes chargeless massive endpoint particles. The endpoint of a string on a flavor
brane carries a charge associated with the symmetry group of the flavor branes. Thus it is natural
to add an interaction, for instance Abelian interaction, between the two string endpoints. It is
easy to check that this change will introduce a modification of the intercept.
• As was discussed in the introduction, the models we are using are not the outcome of a full
quantization of the system. We have been either using a WKB approximation for the spectra
in the (n,M2) plane or using an ansatz of J → J + n − a for passing from the classical to
the quantum model. In [8] the quantization of the rotating string without massive endpoints
was determined. The quantum Regge trajectories associated with strings with massive endpoints
require determining the contributions to the intercept to order J0 from both the “ Casimir” term
and the Polchinski-Strominger term[61]. Once a determination of the intercept as a function of
m2
T
is made, an improved fit and a re-examination of the deviations from a universal model should
be made.
• We have looked in the present work into only one feature of meson physics - the Regge trajectories
of the spectra. One additional property that can be explored is the width of the decay of a meson
into two mesons. The stringy holographic width was computed in [67]. A detailed comparison
with decay width of mesons can provide an additional way to extract string endpoint masses that
can be compared to the one deduced from the spectra.
• Eventually we have in mind to perform “precise comparisons” using holographic rotating string
models instead of the model of rotating string with massive endpoints in flat space-time.
• As was emphasized in this note regarding the search for glueballs, one urgent issue is to gain
additional data about flavorless hadrons. This calls for a further investigation of experiments that
yield this kind of resonances and for proposing future experiments of potential glueball production,
in particular in the range above 2.4 GeV. This can follow the predictions of the masses and width
of the resonances as were listed in [5].
• Related to the exploration of experimental data is the investigation of efficient mechanisms of
creating glueballs. This issue was not addressed in this paper. Among possible glueball formation
one finds radiative J/ψ decays, pomeron pomeron collisions in hadron-hadron central production
and in p-p¯ annihilation. Naturally, we would like to understand possible glueball formation in
LHC experiments. It is known that we can find in the latter processes of gluon-gluon scattering
and hence it may serve as a device for glueball creation.
• As was mentioned in section §5.2, the quantization of folded closed strings in D non-critical
dimensions has not yet been deciphered. In [8] the expression derived for the intercept is singular
in the case where is only one rotation plane - as it naturally is in D = 4. We mentioned a potential
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avenue to resolve this issue by introducing massive particles on the folds, quantize the system as
that of a string with massive endpoints [64], and then take the limit of zero mass.
• We have mentioned that the rotating closed strings are in fact rotating folded closed strings.
However, we did not make any attempt in this note to explore the role of the folds. In fact it
seems that very few research has been devoted to the understanding of folded strings [88]. It
would be interesting to use the rotating closed string as a venue to the more general exploration
of strings with folds which may be related to certain systems in nature.
• A mystery related to the closed string description of glueballs is the relation between the pomeron
and the glueball. Supposedly both the glueball and the pomeron are described by a closed string.
As we have emphasized in this note the slope of the closed string is half that of the open string and
hence we advocated the search of trajectories with that slope. However, it was found from fitting
the differential cross section of p-p collisions that the slope of the pomeron is α′ pomeron ≈ 0.25
GeV−2. That is, a slope which is closer to a quarter of that of the meson open string rather
than half. Thus the stringy structure of the pomeron and its exact relation to the glueball is still
an open question. The stringy holographic description of the pomeron physics was discussed in
particular in [89].
• The closed string description of the glueball faces a very obvious question. In QCD one can form
a glueball as a bound state of two, three, or in fact any number of gluons. The stringy picture
seems to describe the composite of two gluons, and it is not clear how to realize those glueballs
constructed in QCD from more than two gluons.
• Another prediction from holography is the presence of a baryonic vertex. Our fits exclude the
presence of a baryonic vertex mass at the center of mass of the rotating baryon, but in the quark-
diquark model which we prefer it is expected to be found at one of the string endpoints, with the
diquark. If there is a baryonic vertex at an endpoint, there is no evidence to suggest it contributes
greatly to the endpoint mass.
• We could also attempt enhancements of the model. Adding spin degrees of freedom to the end-
points would give us a much better chance of constructing a universal model that would describe
the entire baryon spectrum. In [55] the distinction between spin zero and spin one diquarks played
an important part in analyzing the spectrum, while we have only discussed the flavor structure
of the diquark and ascribed its mass to the holographic string alone (with a possible small addi-
tion from the baryonic vertex). Spin interactions could also help explain the even-odd splitting
observed in the light baryons - our simple classical model will not explain a phenomenon that
distinguishes between symmetric and anti-symmetric states without some additional interaction.
• We should also strive to gain a better understanding of the intercept. While all previous sections
discuss results for the slope and endpoint masses alone, the intercept, the results for which are
listed in the summary tables of section §6.3.4, is an interesting parameter from a theoretical point
of view, and understanding its behavior is an important goal in constructing a truly universal
model of the baryon. Added interactions should contribute, in leading order, a correction to the
intercept, which should also be affected by the endpoint masses, and understanding the intercept’s
behavior may also help us distinguish between different configurations of the baryon without
requiring additional information from experiment.
Note added While the HISH models have been developed, an alternative way to describe the
hadronic spectrum based on light-front holography was proposed ([146] and references therein). Though
the two approaches are inspired by holography, they are different mainly since the latter is essentially
a QFT description whereas the HISH is a stringy one .
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